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PREFACE 

The adoption of the plan of giving two courses in algebra, one 
early and for all students, and the other after one or two inter- 
vening years for those who specialize in science, is spreading. 
For the purposes of the latter a review is practically essential. 
This book consists of two parts, a review of the First Year Course, 
followed by additional chapters on more advanced topics, the whole 
providing the preparation for entrance to colleges of liberal arts. 
For a course covering the ground of both the First and Second 
Courses, the author's "Practical Elementary Algebra" is well 
adapted, though much that is in this Second Course is not in it. 

Not a little has been written in this country within the past 
few years concerning the desirability of unifying the course in 
mathematics. A textbook for general use which aims to accom- 
plish such an end must adapt itself to present-day conditions. 
Of the different branches of mathematics, the algebra easily 
provides the best means available of bringing together algebra, 
arithmetic, geometry, and applied mathematics, and this unifica- 
tion the present text undertakes to accomplish. In its prepara- 
tion it was assumed that the pupil had taken the course usually 
offered in plane geometry. To be sure, the book can be used 
by those who have not taken geometry by simply omitting 
geometrical matter, whether text or exercises. In the same 
way, if so desired, the more purely arithmetical matter may be 
cut out, in part or in whole, since neither the arithmetical nor 
geometrical material conditions the subsequent algebraic matter. 

Aside from preparation for the study of more advanced mathe- 
matics, probably the most directly practical thing learned from 
the study of algebra is the interpretation and use of foi'mulas. 
Formulas introduced freely into the subject serve to vitalize it, 
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VI " PREFACE 

since they connect it with practical problems. The attempt is 
made to train the student to thorough familiarity with the mean- 
ing and use of applied formulas. 

The conception of functionality is developed as carefully and 
fully as it can be for pupils of the maturity of those who study 
algebra. The claims of this topic are now being strongly urged 
by the highest authorities. 

Many of the features of the author's First Year Course, such 
as simplicity of presentation, minimum number of cases in topics, 
treatment of factoring and of graphs, constant reference to the 
axioms in the solution of equations, systematic testing for accuracy, 
translating to and from algebraic language, conservatism in the 
order of topics, etc., will be found likewise in this book. The 
inductive treatment, so prominent a feature of the First Course, 
is partly replaced in this by the deductive, because pupils are 
now far better prepared to understand its meaning. 

* The author is indebted to Professor E. S. Loomis of the West 
Side High School, Cleveland, Ohio, to Lewis Omer of the Academy 
at Evanston, 111., to Miss Marie Gugle of the Central High School, 
Toledo, Ohio, and to Miss Theresa Moran of the High School, 
Stevens Point, Wis., for reading both the manuscript and the 
proofs and giving valuable advice. Professor H. L. Terry, State 
High School Inspector, Madison, Wis., read portions of the manu- 
script and offered helpful suggestions, as also did Professor A. L. 
Rhoton of Georgetown College, Ky. The following have read 
the proofs and given aid in other ways : President G. W. Brock, 
Alabama Normal College, Livingston, Ala. ; Professor H. E. Cobb, 
Lewis Institute, Chicago ; Professor Ira Condit, State Teachers' 
College, Cedar Falls, Iowa; Professor H. S. Hippensteel, State 
Normal School, Stevens Point, Wis.; and Professor T..M. Smith, 
Lash High School, Zanesville, Ohio. 
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SUGGESTIONS TO TEACHERS 

It is to be understood that the first 180 pages of this book 
constitute a review of the First Course. This part, containing 
a relatively small number of exercises, should be covered by 
classes much faster than the remaining portion. Different plans 
can be followed in passing over this part. Thus, one way is to 
start at the beginning and cover the whole ground rapidly, per- 
haps having the class do little more than read the text and model 
solutions and solve a few exercises here and there. Another 
way is to begin at factoring, or at equations, or at radicals, and 
then review the preceding topics as occasion requires. The 
numerous cross-references to earlier parts are intended to facili- 
tate this plan. Classes usually differ greatly in preparation, even 
in the same school, and what would be the best course to pursue 
for one class might be a poor one for another. 

The time allotted to advanced algebra varies greatly in differ- 
ent schools, and this, with varying preparation, makes it often 
necessary for the teacher to omit portions of the text not abso- 
lutely essential. If a course in algebraic transformations and 
manipulations as a preparation for college mathematics is the 
chief or sole aim of the study, then the more purely arithmetical 
and geometrical portions of the text can be omitted without 
injury to the continuity of the work. It is hoped, however, that 
these portions will be taught with the other, since they are calcu- 
lated to strengthen the pupils' preparation in both algebra and 
mathematics in general, making the whole study much more 
practical. Suggestions are offered in various places for transpos- 
ing the order of chapters and topics. 









PKACTICAL ALGEBRA 

CHAPTER I 

THE FUNDAMENTAL OPERATIONS 

I. THE ARABIC* AND ALGEBRAIC NOTATIONS 

1. Elementary Algebra may be described as that branch of math- 
ematics which employs both letters and figures in the study of num- 
bers, and recognizes two kinds of numbers, positive and negative. 
Algebra is also often described as the study of the equation. 

2. A number is one or more units (or ones). It is altogether 
likely that the original idea of numbers included only integers. 
At first a distinction was made only between one and several in a 
vague way. Later counting was introduced. Counting consists 
in having a reference series of objects, such as the fingers, or 
names to take their places, and pointing to the several objects 
counted, meanwhile saying the names of the standard series. 
The last name is the name of the number of objects counted. 
Later the idea of measurement was connected with the concep- 
tion of numbers. Thus, to measure the length of a board, one 
applies his foot rule or meter stick a number of times. The 
number of times the measuring unit is moved, counted in the 
scale just described, is the number. Evidently from the stand- 
point of measurement number is always abstract, being a quotient 
of one magnitude divided by another of the same kind. Pupils 
are prone to fail to distinguish between abstract number itself, 
and the word, or figures, or letter, that denotes it. 

A system for denoting numbers and making numerical calcula- 
tions is called a notation. 

* In all probability the so-called Arabic notation was invented in India in the 
period from the second to the seventh centuries a.d. It was transmitted to Euro- 
X>ean nations through the Arabs, and so has been known for centuries as the 
Arabic notation for numbers. 

1 



2 THE FUNDAMENTAL OPERATIONS 

3. The Arabic Kctation nses figures to denote the first nine 
numbers and zero, recognizes place value, employs absence of 
sign between figures to indicate addition, and is constructed on a 
scale of ten. 

Thus, in 325, the 2 gets its meaning of 2 tens from its place 
to the left of 5, and the 3 its meaning of 3 hundreds from its 
place. Also, because juxtaposition (that is, placing figures next 
to each other with no sign between) means addition, 325 means 
300 + 20 + 5. 

4. The Algebraic Notation uses both figures and letters to de- 
note numbers, the letters denoting any numbers, but the absence 
of sign between letters, or between a figure and a letter, or between 
a figure or a letter and a parenthesis, or between two parentheses, 
indicates multiplication. For other operations special symbols are 
employed, as + to denote addition, — , subtraction, and so on. 

Thus, 3 a6 + c denotes the number c added to the product of 
3, a, and b. The algebraic notation also marks one series of num- 
bers extending on one side of with a + sign, and those on the 
other side of extending in the opposite direction with a — sign. 

Arithmetic Series : ' — j — • — ' — ■ — < — • — ± — » — i — 

01^8^607 8 9^. 

Algebra Series : — « — > — « — « — J — i — « — > — s — • — » — > — i — i — i — ju». 

_r6 -5 -4 -8 -2 -1 *1 +« +3 +4 +5 +6 -^7 ■*-8 +9..- 

As regards concrete applications the arithmetic series has far 
the wider use. The algebra series is best adapted to solving 
special kinds of problems which involve the presence of two 
kinds of numbers opposite in sense, as east and west longitude, 
debts and credits, numbering streets east and west or north and 
south, etc. But algebra can be used equally well in the solution 
of equational problems whose concrete numbers are arithmetical 
in character. 

5. A Universal Language. The Arabic and Algebraical notations 
are in general use among the various civilized nations, being prac- 
tically the same in different languages, though minor differences 
exist. Thus, in the United States and Great Britain, both -h 
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and : are used to denote division, while on the continent of 
Europe only : is so employed. 

6. Economy of Notation. Both the Arabic and the Literal nota- 
tion are wonderfully abridged and compact as compared with ordi- 
nary writing in words. Thus, the number 878, which has only 
three figures, written out in words calls for twenty-four charac- 
ters, and the formula {a-\-by=a^-\-2ab+b^, translated into words, 
gives rise to nine times as many marks or characters. 

7. Classes of Symbols in Algebra. Algebraic symbols are clas- 
sified as follows : 

(1) Symbols of number, as letters and figures. 

(2) Symbols of operations, as -f , — , ±, x or •, -5-, :, y^, and 
exponents. 

(3) Symbols of aggregation, as (),[],{ }, . 

(4) Symbols of relation, or relative size, as=, =, >, <, >, <. 

The angles (>, <) are called symbols of inequality, the open- 
ing being towards the larger quantity. Lines across the symbols 
of relation deny what the symbols unmarked signify. Thus, ^ 
means ''is not equal to" ; > means "is not greater than." 

(5) Symbols of logic, as .*., meaning therefore, hence; and •/, 
meaning since, because. 

(6) Symbols of continuation or omission, as 1, 2, 3, • • • ; see § 4. 

8. The Symbols -|- and — are commonly considered to have two 
meanings : 

(1) That of addition or subtraction, as3-f4 = 7; 6 — 2 = 4. 

(2) That of quality, as -|- 5, meaning 5 from the positive series, 
and — 3, meaning 3 from the negative series. When the signs 
tiave the latter meaning they are usually put along with the quan- 
tity to which they are attached inside parentheses. 

Thus, (—6) — (+4) means 4 from the positive series is to be 
subtracted from 6 of the negative series. 

9. The Symbols 0, 1, and oo are noteworthy. The first, 0, has a 
place in the ordinal series • • • — 3, — 2, — 1, 0, + 1> + 2, + 3, . • • . 



4 THE FUNDAMENTAL OPERATIONS 

It may also be regarded as belonging to the cardinal numbers. 
It has the following properties: a— a=0; Oxa = axO = 0. 
Division by has no meaning. 

The symbol 1 has the following properties : a-^a = l; axl 
= a -J- 1 = a. 

The symbol oo (called infinity) denotes an exceedingly large 
number, greater than any that can be named, and continually 
increasing. 

n. DEFINITIONS 

10. A quantity in algebra is a number. This number may be 
expressed by a single letter, or by a figure, or by a combination 
of figures, letters, and signs. Thus, 8, a, and 4a — 36-h5care 
each a quantity. "Quantity^' and "algebraic expression" are 
used synonymously. 

11. An exponent is a number written to the right of and 
higher than a quantity. When it is a positive whole number, it 
shows how many times the quantity is to be taken as a factor. 

Thus, 4^ = 4x4x4; a* = axaxaxa. 

12. A power of a number is the continued product obtained by 
using 1 and the number one or more times as factors. 

Thus, 1 X a X a, or a^, is called the square of a ; and 1 x a x 
a X a, or a^, is called the cube of a ; Ixxxxxxxx, or a^, iq 
called the fourth power of x ; and so on. 

13. A root of a number is one of its equal factors. 

Thus, \/64 = 4; ^32 = 2. In ^'64, 3 is called the index oi 
the root. It shows into how many equal factors the number 6^ 
is to be separated. When no index is written, 2 is understood, 
Thus, V9 = 3. The symbol ^ is called the radical sign. 

14. A term, or monomial, is an algebraical expression, or quaa 
tity, whose parts are not separated by a 4- or — sign. | 

Thus, 3, a, 5 be, 12 a^bc are each a term, while the quantity 
15 m^ — 3 n consists of two terms. But in 3(a —b)+ 2(x -\- y 
S(a — b) is commonly regarded as a term, and 2(x + y) as om 
the parentheses quantities being treated as single letters. 
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15. A polynomial is a quantity consisting of two or more 
terms. A quantity consisting of two terms is a binomial, one of 
three terms is a trinomial, one of four terms a quadrinomial, one 
of five or more terms a multinomial. 

By a "polynomial in jr" is meant an expression containing dif- 
ferent powers of a; as, 6a^ + 4a?* — lla^ + aj* — 7. 

16. The factors of a term are the coefficient and the literal (letter) 
part. Thus, in 5 axyj 5 would be regarded as the coefficient (or 
" with factor "). In aa?yy 1 can be regarded as the coefficient of 
cw^y, or, remembering the meaning of "coefficient," a can be 
regarded as the coefficient of aj^, or even oj* as the coefficient of 
ay, if so desired. When no coefficient or exponent is written, 1 
is understood. Thus, a = 1 a^. 

The student should note carefully the difference between a 
coefficient and an exponent. Thus, 4aj = a;4-a5H-ajH-a5, while 
2^ = xxxxxxx; 4aj means 4 times x, while a?* is shorthand 
for xxxx. One should think of four aj's multiplied together when 
he sees x\ 

17. Similar terms are those containing the same letters, the 
3orresponding letters having the same exponents. They can differ 
in signs and coefficients. 

Thus, 9 o^y* and — 13 «*^ are similar terms. Similar terms can 
3e combined into a single term. Thus, 6 a^b + 10 a^b = 16 a^b, 

18. The Degree of a Term is the sum of the exponents of its 
iteral factors. For example, 9 mVp is of the sixth degree be- 
jause 3 + 2 + 1 = 6; but Sabx^y is of only the fourth degree if 
ve think of 3a5 as the coefficient of the unknown factors a^ 
md y. 

19. Homogeneous Quantities are those whose terms are all of 
he same degree. Many expressions in algebra are homogeneous, 
md errors in handling such expressions can be detected by 
.pplying the test of homogeneity. 

Thus, a* + 3a26 + 3a6 + 6« for (a + by is wrong, since all the 
erms should be of the third degree, and Sab is of only the 
econd degree ; this term should be 3 ab^. 
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III. ORDER OF PRECEDENCE OF OPERATIONS 

20. The numerical value of a quantity is found by assigning 
certain values to the letters contained in it, and simplifying the 
result. 

Thus, the numerical value of 2a — 3 m when a = 5, m = 2, is 4. 

21. Order of Precedence of Operations. The order of performing 
operations in algebra is determined by certain rules. 

1. In any term (§ 14), symbols of aggregation being absent, raising 
topoioers and extracting roots mnst be performed before multiplications 
and divisions. 

Thus, 2 X 32 = 18 ; Zx^ = ^xx] while (3 a;)^ = 9 a;a?. 

2. Symbols of aggregation being absent, multiplications and divi- 
sions must be performed before additions and subtractions. 

Thus, 3 + 4x5 = 23; 5x22-23^4 = 18. 

3. Operations inside symbols of aggregation are performed be/are 
those outside. 

Thus, 8(3 + 4) = 8 X 7 = 56. (2 x 3)^ = 6^ = 36. 

Example. If a = 3, 6 = 2, c = 64, 

IBab^-^Sb^^'c 

becomes 15 x 3 x 22- 3 x 2^ x \/64 (By § 20) 

or, 15x3x4-3x8x4, or 84. (By §§12, 13) 

a. Multiplications and divisions denoted by x , • , ^ are performed in order 
from left to riglit, but when multiplications are denoted by juxtaposition, as 
in 4 c -i- 3 a6, tlie multiplications in dividend and divisor must be performed 
first. Hence, vfhen translating this notation to that of x, •, -^ parentheses 
must be introduced. 

Thus, if a = 12, 6 = 3, c = 4. 

a -J- 6 X c = 12 H- 3 X 4 = 16 ; while a -j- 6c = 12 -i- (3 x 4) = 1. 

22. Importance of the Rules of Precedence of Operations. If strict 
attention is not paid to the order in which operations are to be 
performed, great confusion will result. 
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Thus, (24-3) X 42=80; while 2+ (3 x 4)2=146; and(2+3x4)« 
= 196 ; and 2 + 3 X 42 = 50, by the rules of § 21. 

Some other rules than those just described might have been 
adopted by those who introduced the algebraic notation, but the 
rules of § 21 represent careful testing and are well adapted to 
the purpose intended. Those who study or use algebra must 
make their calculations conform to the laws of precedence of 
operations. 

23. Exercise in simplifying Expressions and finding Values. 
1. 3 + 7-6 + 4-2. 2. 3 + 6^2. 

3. 4(6-3)-2. 4. 8x6-5-3-12. 

5. 24 ^ (2 X 3). 6. (5 - 2)(11 - 3 X 2). 

7. 2 + 16-^2. 8. 2.7.5-3«.4. 

t 9. 2(13 + 72 - 41) - 15. 10. y^[3(19 + 50-42)] + 26. 

24. Exercise in translating Algebraic Expressions into Ordinary 
Language. To change algebraic language into ordinary words is, 
in many respects, like translating from one language to another, as 
English to German, or Latin to English. The student will find 
jhat quantities which take many words and much circumlocution 
:or their description in ordinary language are expressed with very 
lew symbols and very quickly in the algebraic notation. For this 
3ause we can work with and reason about quantities written in 
:he algebraic notation easily, when dealing with the same quan- 
jities in ordinary language would be almost out of the question on 
iccount of the complexity of the language. The great mathema- 
ician Fourier said of the algebraic notation, "There can be no 
nore universal or more simple language, no language more exempt 
roni error and obscurity." 

1. Translate 4a6^ — 3a*Vc + 9c into ordinary language, and 
hen find its numerical value when a = 2, 6 = 3, c = 4. 

Translation. *'Erom 4 times a times h times b take 3 times a times a 
Imes a times the square root of c, and add 9 times c to the remainder." 
COL. 2d c. — 2 
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To evaluate 4 ab^ - S a^Vc -\- 9 c, 

we have 4x2x3x3-3x2x2x2xV4 + 9x4, 

that is, 72 - 48 + 36, or 60. Ans, 

2. Translate 3 o^ 4- 2 a^^ — y V«, and evaluate when a; = 3, 
^=1,2 = 9. 

3. Translate 3 x(y^ — z), and evaluate when a; = 5, y = 8, 2 = 25. 

SuooESTiON. "3 times x times the quantity which is the difference 
between y times y and zj*^ 

a. It is convenient to use the phrase ** the quantity," or " the binomial,'* 
etc., to indicate what is included in parentheses. 

Translate the following 15 exercises and evaluate them when 
a; = 3, y = 5, z = 4:: 

4. 3x(y — z), 6. 4:{xy — z). 6. Soiy^ + 2f. 

7. 9ic^yz-2f. 8. 3xy^-2zVz. 9. 4:(x^ + y^ -- z^. 

10. S(xfz)\ 11. 4:{xf-cx?y), 12. 2(3 a^- 2;)^. 

13. (2a;-y)%. 14. 2Vp^^. 16. {x -\- 2 y)(S y — z). 

16. 4(2a^)*2;. 17. V3 • 2 yz, 18. 12 2;* + af 1/*. 

25. Translation of Formulas into Ordinary Language. 

1. If a denotes the area of a rectangle, b the length of its 
base, and h its height or altitude, translate the formula a = bh 
into words. 

Ana. "The number of square units in the area of a rectangle 
equals the product of the number of linear units in its base by 
the number of linear units in its altitude." 

2. If c represents the total cost of ?i articles and p the price of 
one article, translate c=^np into words. 

3. If V represents the volume of a rectangular box, I its 
length, w its width, and d its depth, translate V= Iwd into words. 
If 8 represents its surface, translate S = 2Qw'{-ld-\-wd) into 
words. 

4. If A denotes the area of a triangle, h its base, and h its 
altitude, translate A = ^hh into words. 
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5. If a represents the area of a circle, and r its radius, trans- 
late a = irT^ into words. 

6. If a represents the area of a trapezoid, b and W its bases, 
h its altitude, translate a = ^(b + b')h into words. 

7. If a represents the area of a rectangle, I its length, and b its 
breadth, express in words a = W, 6 = -, and l = - respectively. 

8. If s represents the distance through which a body moves, 
V its uniform velocity or speed, and t the number of seconds it is 
in motion, what does s = vt say ? 

9. If I denotes the length of a rectangle, and w its width, ex- 
press in words Z = 2 w + 3 ; also Iw = 25. 

10. If c = centigrade reading, or number of degrees on centi- 
^ grade thermometer, and /= reading at same time on common 
Fahrenheit thermometer, translate the formula, c = f (/— 32**), 
into words. 

26. Exercise in translating from Ordinary Language to that of 
Algebra. 

1. The difference between the squares of a and b. Ans, a^—V, 

2. The sum of the squares of a, 6, c, and d, 

3. The product of the sum of the squares and the difference 
of the squares of x and y. 

4. The quotient of the difference between the cubes of a and x 
divided by the difference of their squares. 

5. The difference between the product of the three factors, the 
square of a, &, and y, and the product of 3 and the square of x, 

6. If p represents the price of eggs, n the number of dozen 
bought, and c the cost, state in algebraic language that the cost 
is the product of the price multiplied by the number of dozen 
bought. 

27. Reading of Algebraic Expressions in Practice. While it is 
very irnportant that the student should understand thoroughly 
the translation of expressions from algebraic language to English 
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words, and conversely, in practice the algebraic expressions are 
read very much as they are written. It is customary when one 
comes to a polynomial in parentheses to say "the quantity" so 
and so. Thus, 3a + 5(c--d) would be read "three a plus five 
times the quantity c minus d." It is more explicit, however, to 
say "the binomial," "trinomial,^' etc., instead of "the quantity." 
The student may be interested in comparing the number of 
characters (letters, signs, and marks of all kinds) needed to 
express quantities and relations in the two notations. It will be 
found that as a rule it takes something like ten times as many 
characters in ordinary language as in the algebraic notation. 
Stenography, or shorthand, requires more marks than algebra. 

IV. ADDITION AND SUBTRACTION 

28. Addition in algebra means literally putting together. It 
differs from arithmetical addition in that both positive and negar 
tive numbers are united into one sum, while arithmetic adds 
unsigned numbers only. Thus, in algebra, debts and Credits, or 
motions forward and backward on a straight line, can be added. 
In such additions positive numbers are written preceded by the 
sign 4-, or no sign, and negative numbers by — , the numbers 
with their signs being inclosed in parentheses. See § 8. 

29. Assumed Laws Governing Addition. 

I. Addition is Commutative, that is, the order of the terms 
added can he changed in any way and the sum will not he altered 
provided each term retains its own sign, 

' For example, a + 6 — c = 6 — c-ha = a~c-f-6. 

Evidently the sum of a set of credits and debts is the same no 
matter in what order they are taken. 

II. Addition is Associative, that is, terms can he grouped in 
any way hy inclosing them in parentheses preceded hy +, and the 
sum loill not he changed, provided each term retains its own sign. 

Thus (a + 6) + c = a + (6 + c). 

It is clear that a set of credits and debts placed on separate 
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sheets of paper and these arranged in any order can be grouped in 
any way with rubber bands without altering the sum. 

30. Rule for Addition. The rule commonly followed in algebra 
is that used by the bookkeeper when he adds his debts and credits 
separately, and then combines the results. 

31. Exercise in Addition. 

1. Find the sum of $3, — $6, — $11, $22, and — $6. 
Statement. 3+ (-C) + (- 11) + ( + 22) + (-5). 

Solution. 3+22=25; (-6) + (-11)+(--6) = -22; 25+(-22)=3. Ans, 

Check. 3 +(- 6)= -3; (- 3) + (- 11)= - 14; (-14) + (+22) = +8; 
( + 8) + (-6)=+3. Ans, 

Solve and check the following seven exercises orally : 

2. 5^+(-3/) + (-18f^) + (+l^^)+(-2^) = ? 

3. Sums of money deposited in a bank being marked + and 
other sums checked out marked —, find how much money in the 
bank a man has whose book shows the following items : + $ 150, 
- $10, - $25, + $30, - $17, - $25, + $40. 

4. Find the sum of the following lines whose several lengths 
are +3, -5, 4-7, +3, -2. Ans. +6. 



J 1 1 1 I L 



-^ 



+3 



-2-101 28456T8 

6. Find the sum of the lines + 4, — 7, - 3, 4- 2, + 10, — 5, 
by a diagram, checking with ordinary solution. 

6. If eastward motion is marked + and westwai'd — , find 
the sum of the following movements of a football : +- 61 ft., — 19 
ft., -+33 ft., - 57 ft., +- 10 ft., -21 ft., + 75 ft. 

7. Add 9 a^ - 7 a^, 13 a^, - 25 a", - 11 al 

8. Add 13 mn, — 7 mn, 16 mn, — 11 mw, — 2 mn, — mn. 

9. Add 12 a% -Ua% -10a*6, 15 a% 6a% writing the 
quantities for the addition in a vertical column. ■ 

10. Add 3 a% and 3 ab\ Ans. Sa'b + S db\ Why ? 
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11. Add 4 a^aj - 6 a^y -{-^f, 6 a^x -- 14 a?y -f 17 f, and 
— 2a*aj + a^y — 11- 2/*^ setting the problem down to perform the 
addition so that similar terms fall in the same columns. 
Check with a = 2, a; = 3, y = 1. 

Solution 
4 a^x - 6 a2y + 9 y2 - 48-24+9 = 33 

6a2x-14a2y + 17y2 = 60-66 + 17 = 21 

-2a2a;+ a^y -.11^8 = -24+ 4 -11 = -31 

7a2a;-19a2y + 26y2_iiy8_ 84-76 + 26-11= 23 

12. Find the sum of 3a;y-10y*, - ar^y^ -|_ 5 y*, Sa^^^-Gi/*, 
and 4 a^V + 2 ^. Check with aj = 2, y = 1. 

13. Addia:V-iaj8-^a^4.6, |a?* + iaj8-3V«. -i^-y'o^' 
4- iaj2-. ^a;+ 1, and ^V^- 1A«^- 2a:2 ^ 3^ ^ _ ^^ 

32. Subtractioii in algebra is the process of finding a quantity 

(called the difference or remainder) which added to one of two 

given quantities (the subtrahend) produces the other (the minu- 
end). 

Thus, $6-$4=$2; 4^-(-3 /)=+7 j^ ; -5-(+4) = -9; 
because in each case the algebraic sum (§ 31) of the remainder 
and subtrahend equals the minuend. 

Subtraction in algebra can be defined in another way by refer- 
ring to the algebraic series of § 4. Thus, the difference of two 
algebraic numbers is always the distance between them as they 
stand in the scale extending in opposite directions from ; the 
difference is marked +- or — according as the minuend is in the 
positive direction from the subtrahend or the negative direction. 

As, $7-$5 = $2; 4^-(- 3 j^)=H- 7 ^; -5-(+-4) = -9. 

Evidently both definitions give the same results. The second 
definition is more satisfactory as an explanation of the nature of 
subtraction, 

33. Two Rules for Subtraction can be given, the second of which 
is somewhat artificial, though generally used. Both rules always 
give the same result. 
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1. To subtract, find a number which added algebraically to the 
subtrahend gives the minuend, 

2. Conceive the sign of the subtrahend to be changed, and add the 
result algebraically to the minuend. 

It is highly important that the student learn to be accurate in 
subtraction. 

34. Exercise in Subtraction. Find the remainder in the follow- 
ing problems, being careful to give the proper sign to the answer. 
The solutions should be performed mentally to the 14th. The 
answers can be checked by testing the result by the scale. 

1. i2_(-.6) 2. -120-(-60) 3. -16-(H-25) 

4. +24 6. —1400 6. 4kxyz 

+ 38 -3200 l^xyz 

7. Qa^b 8. — 3a6c 9. -3 a* 

-9a^6 11 a6c -12 a* 

10. Find the difference in fortunes of two men, one worth 
$2500, and the other $1400 in debt, i.e. find the difference be- 
tween $ 2500 and - $ 1400. 

11. Find the difference in longitude between Alexandria, 
Egypt, 30° E. (+30° say), and N^w Orleans, 90° W. {-\ 

a. The first named of two quantities in a problem in subtraction is to 
be understood as the minuend. The answer, + 120°, shows that Alexandria, 
the first named, is east (+) of New Orleans, the subtrahend. 

12. How many blocks apart are 2401 (each hundred means a 
block, and the last two figures give the house in the block) North 
[ZJliestnut St. and 1401 South Chestnut St. if north is taken + ? 

13. What is the difference between the greatest recorded 
extremes of temperature at St. Paul, Minn., of + 104° and — 41° ? 

14. From Sa^b-2bc + ^ take 2a26-75c-3, writing the 
;u."btrahend under the minuend with similar terms (§ 17) in the 
ame columns to perform the subtraction. Check with a = 2, 
> =3, c = 2. 
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16. From 18 a*» - 16 oTlf - 25 h^ take 14 a^* - 24 a^ft" + 11 6^ 

16. From l^a^-^l^^-^^x-^- 11| take Jaj^ - 2j^ aj^ + 1^\ aj-7|. 

17. From — a* — a?* — a? subtract a?' — 1. 

18. From the sum of 6 x 2\ 2\ and 3 X 2s take - 11 x 2\ 

35. Addition and Subtraction in Algebra. Addition of Compound 
Terms. In algebra problems in subtraction, or combined additions 
and subtractions, can be changed into problems in addition, or can 
be regarded as problems in addition even when not so changed. 
Thus, 6 - 4 ; Le, 6 — ( + 4) == 6 + (— 4), since each equals 2. 

Similarly, 6 + 12 - 13 ~ 7 + 4 - 12 = ? 
becomes 6 + 12 + ( - 13) + (- 7) + 4 + ( - 12) = ? 

which is now a problem in addition. 

Add mentally in the following four problems, checking the 
result by adding seriatim, as in § 31 : 

1. $12+$9-$19+$2-$13. 2. 14-11-25-3+11+6. 

3. Add 3(a - 6), 6{a - 6), and - 2(a - h). 

4. From 12 a{a^-2 b-c) take - 4 a(a^ - 2 6 - c). 

5. In a merchant's cash register at the end of a day's business 
there were ten $5 bills, twelve $2 bills, twenty $1 bills, four 
checks in his favor for $12.10, $8.25, $10, $25 respectively, 
$ 18.46 in silver, a note in his favor for $ 28.25, and a record on 
slips of paper of two notes against him, one for $17.28 and 
another for $ 60. His bank book showed he had $ 228.68 in the 
bank, but during the day he had issued four checks for $ 9.10, 
$7.20, $1.17, and $5 respectively, and had received three due 
bills, one for $22, the second for $9.72, and the third for $3.49. 
What will the merchant get for the sum if he adds all these 
items? 

6. From a* — b* take 4 a^6 — 6 a^b^ + 4 a6^ and from the result 
take 2 a* - 4: a^b + 6 a'b^ + 4: ab^ - 2 6*. 

7. If ^ = 3a:2_^2aj-3, B = a^-2 a^-^2 x+1, 0=a^— 6aj+5, 
find the value of (1) ^ + ^ + 0,(2) A + B-^c/{S) A- B-C. 
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8. What must be added to 7^ -\- s^ -\- 1^ to produce 3 r* — «* ? 

9. Add 2(a; 4- 2/) + 3(aj — 2/) and 3(aj + y) — 2(a; — y). 

10. Add 4(aH-2 6)2-4(a-m), - 20(a -f 2 6)2 + 5(a - m), 
12(a + 2 by- 14(a - m), and - 5(a + 2 hf + 5(a - m). 

11. Add ax, hXy and cXy with respect to a. Aiis. (a + 6 + c)a?. 

Suggestion. These terms evidently are added just as one would add 
.3 X, 6 aj, and 7 x. 

12. Add aX'\-by, cx-\-dy, ex-^-fy, and gx-\-hy with respect to 
X and y. 

13. Add axy ay and a2?, with respect to a. 

14. Add axy and 3 a?^ with respect to xy, 

15. Add a{x -f- y) and h(x -f y). 

16. From a(x -{- 2 y -\- z) take 6(a; + 2y + 2;). 

17. Add 6 x2«- 7x23 + 28 + 3x23. 

V. SYMBOLS OF AGGREGATION 
36. Removal of Symbols of Aggregation (§ 7, 3). 

1. Symbols of aggregation preceded by +, or no sign, can be re- 
moved, the signs of the terms remaining unchanged. 

Thus, (a + 6) + (c - d) 

is the same as a -\-b + c — d, 

because the parentheses merely serve to group terms together, 
which grouping does not affect the sum total in any way. 

'2. Symbols of aggregation preceded by — can be removed by 
dianging the sign of every term within the symbols. 

Thus, (6x-^2y)-(3x- 4.y) - {^ x -{- y) 

becomes 6a; + 2y — 3aj + 4y + aj— y, or4a; + 5y, 

since — before a parenthesis denotes that the following quantity 
is to be subtracted from what precedes, and this subtraction can 
always be effected by changing the signs of the subtrahend and 
adding (annexing) them to preceding quantity. 
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a. The + and — signs before a symbol disappear when the symbol is 
removed, since they denote an operation, and the operation is performed 
when the symbol is removed. 

Care is needed in handling a vinculum quantity lest the student regard 
the sign immediately before the first term as belonging to this term instead of 
to the vinculum quantity. Thus, in — 2 a + 6, the — belongs to the whole 
quantity, 2 a 4- &, and + is understood before 2 a inside the vinculum. In 
2a 4- 6 we see the sign — written before 2 a. 

Remove symbols of aggregation and simplify, or add, in the 
following. After solving with pencil, solve mentally. 

3. (l-2a? + 3ar^ + (3-aj2^2x). 

4. (2aj2_-3aVH-9)-(aj2_5a2iB2-3). 

6. (a^ — 11 xyz 4- 3 a) — (6 xyz -f- 7 — 2 a — 5 ocyz). 

6. -(5c2 + 4aj2/_-8m)-(-C2; + 2aj2/-4c»). 

7. a — ft— c4-6-f-c — d — e — d— / /+{/ — e. 

a. We have here symbols of aggregation within other symbols of aggre- 
gation. One way for the beginner to remove such symbols is to remove 
only the innermost first, letting the other parts of the problem remain un- 
changed, then remove the next innermost, and so on. 

However, all such symbols can be removed in one operation, beginning 
with the outermost, by noting the number of minus signs which affect any 
term, and making such term -h if this number is even, and — if it is odd. 

9. a-lb-(c-d)\. 10. (a-F2 6)-[3 6- (6 a- 6 6)]. 

11. 7a— {3a— [4a--(5a — 2a)]}. 

12. l_{2-(l-a; + af)}. 

13. 5a— [a-f-5aj— Ja ^a; — 3a — 2a;}]. 

14. 2aj-[3?/-{4a;-(52^-6a;)}]. 

37. Inserting Quantities within Symbols of Aggregation. From 
the preceding articles it follows, by reversing the operation, that 

1. Any terms can he inserted within a symbol of aggregation 
preceded by -\-, or no sign^ without altering their signs. 

2. Any terms can be inserted within a symbol of aggregation 
preceded by — by changing the sign before each term so inserted. 
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3. Write a^-|-2a& + &^ — c^ + 2cd — cP as a binomial, placing 
the first three terms in one parenthesis and the last three in 
another, the latter preceded by — . 

4. Write 12 ax + 12 ay + 4: by — 12 az — 15 ex + 2 bz-{- 6 cy —3 cz 
so that the terms which contain x may appear as one quantity, 
the terms which contain y as another, and the terms which con- 
tain z as another, the last subtracted from the sum of the other 
two. 

5. A man who owns a mill worth $a has personal property 
worth $b and has $din the bank. But he owes $e for his engine 
and owes his millwright $/. However, the millwright is indebted 
to him for $g worth of flour. How can what he is worth be rep- 
resented so as to keep the mill separate from the rest, the accounts 
separate from the other items, and the money due from the mill- 
wright separate? 

Solution. a + {b + d^(e + f— g)]. 

6. Remove the symbols from the answer to the preceding 
exercise. 

VI. MULTIPLICATION 

• 

38. Multiplication, when the multiplier is a whole number, is the 
process of taking a quantity (the multiplicand) as many times as 
there are units in the multiplier. For other kinds of multiplication, 
as when the multiplier is a fraction, like f , or an irrational, like 
V5, this definition fails to have meaning. Such multiplications 
are extensions of the idea of multiplication by integral multipliers. 

39. Laws assumed to hold in Multiplication. 

I. Multiplication is Commutative. 

Thus, ab = ba] abc = acb = eba. 

a. Since a x b x - x d x - must be commutative, by commutative law, 

c e 

then ax b -i-c x d -^ e, the same thing, is commutative. 

Each letter, however, must not be separated from the operation symbol before 
it in changing the order of the operations. 

Thus, ax b-T-cxd-i-€ = a-^cxb-i-exd = d-hCxa-^ex 6 = etc. 
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Because the operation symbols stand to the left of their quantities, it is 
understood that the operations of multiplication and division xohen denoted 
6y X, :, -^, •, will he performed in any given expression in the order they 
come from left to right. (See § 21, a). 

For example, 12-r-4x3x6-4-2=27; 12x3-^4-5-2x6 = 27. 

II. Multiplication is Associative. 
For example, ((ib)c = a{bc). 

III. MuLTiPLicATiox IS DISTRIBUTIVE. In Other words, in every 
multiplication problem in both algebra and arithmetic, every term of 
the multiplicand must be multiplied by every term of the multiplier 
and the partial products added,. 

It is well known to the pupil that this is always done in arith- 
metic in flie multiplication of two such numbers as 2456 and 3985. 



Arithmetical Ex. Algebraical Ex. 



23 
25 



115 
46 



a-\-b 

c-f d 

ac-{-bc 



Geometrical Analogue 
a * 6 



-\-ad-\-bd 



575 Ans, ac -{- be -\- ad -\- bd Ans, 



+d 



ac 


ho 


ad 


hd 



40. The Signs in Multiplication. 

1. When the multiplier is positive, the product has the same 
sign as the multiplicand. Thus, three credits of + $5 each give 
a credit of + $ 15, while four debts of — $ 7 each give a debt of 
-$28. 

This suggests that when the multiplier is negative, the product 
should have the sign opposite to that of the multiplicand. We 
will now test this natural assumption to see if it is in agreement 
with our rules for addition and subtraction and the distributive 
law (§ 39) which we assumed to hold true for multiplication. 



Thus, 



9- 4 

7- 3 
63-28 



= 5 

= x4 

20 



- 27 4 12 



63 -^ 28 - 27 + 12 = 20 



Explanation. When 9 is multiplied 
by —3, the product, by the rule just 
assumed, ought to have a sign opposite 
to that of -f 9, and in multiplying — 4 
by —3, the product ought to have a 
sign opposite to that of —4, or be +12. 
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Testing our result, which we see by multiplying 6 and 4 together must 
equal -h 20, we find that, by our rule for addition, 

63 - 28 - 27 + 12 = + 20. 

Hence we see that multiplication based on the distributive law 
and the two laws for signs just laid down agrees with addition. 
We have then this rule : 

2. In mtUtipUcation like signs in the two factors give a positive 
jnyyduct and unlike signs give a negative product, 

3. How a positive multiplier gives the product the same sign 
as the multiplicand and a negative multiplier the opposite sign 
can be explained geomet- 
rically as follows : A posi- 
tive multiplier simply 
repeats the number in the 
multiplicand. Hence, if 
the multiplicand is posi- 
tive the product is 
positive, and if negative, 
the product is negative. 
But a negative multiplier 
reverses the direction of 
the multiplicand. Thus, — lxH-3 = — 3, that is, — 1 as multi- 
plier reverses the direction of + 3, giving — 3. Similarly in 
~ 2 X — 3, the multiplier — 2 first doubles the multiplicand —3, 
and then reverses its direction, giving -f 6. Thus, a negative 
number x a negative number gives a positive product. 

4. Considering a larger number of factors, we see readily that 
the sign of a product consisting of any number of positive factors 
and an even number of negative factors, as 

a x6 Xcx — dx — ex— /X— gr, 
is positive, since by the associative law (§ 39), every pair of neg- 
ative factors can be associated together, giving a single positive 
factor, so that all the factors become positive. 

Thus, ax6xcx(— dx — 6)x (— /x — g) 

becomes ax 6xcxc?ex^ = + abcdefg. 
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If a product consists, on the other hand, of any number of 
positive factors and an odd number of negative factors, the prod- 
uct is negative, since the last negative factor, which may be taken 
as coefficient (§ 39, 1), will make the whole product negative. 

Thus, ax&X — cx— dx — e = — exaxftx (cd) = — abcde. 
Hence we have this rule for sign of product in multiplication : 

6. If there is an odd number of negative factors, the product is 
negative ; otherwise it is positive. 

41. Exponents in Multiplication. The product of 2 a^ and 3 a^ is 
6 aj*, since 2a^ xSa^ = 2xxxSxxx = 6a:i^,hy the definition of an 
exponent, § 11, and by § 39, I. Similarly, 3 a?* x 5 aJ* = 15 a?^°. 

We see from these examples that the coefficient of the product 
is equal to the product of the coefficients of the factors, and the 
exponents of a letter in the factors are added to get the exponent 
of this letter in the product. 

42. General Proof of the Exponent Law. Let a"* and a** be the 
two factors of a product, both being integral powers of the same 
quantity, a. 

Then, a"* = axaxaxaxa"* to /n factors, by definition (§ 12), 
and a** = axaxaXaxa'"to/i factors, by definition. 
Hence, 
a"^ Xa^'^Ca X a ••• to m factors)(a x a ••• to n factors) 
= axaxaxaxaxaxa«*' to /if-h/» factors. 
.*. a"^ X a"" = a"*+*. (Since a"*"*"" means a x a x a •••to m -^n 

factors.) 

Therefore, we have proved generally that. 

In multiplication the exponent of a factor in the product is equal 
to the sum of the exponents of this factor in the several quantities 
multiplied together. / 

43. Exercise in Multiplication. Perform the multiplication in 
the first 14 exercises mentally. 

1. +3 X -4)2^. 2. -7x-8^. 3. -6x19. 
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4. Sa-bx2abx5a^bc. Ans. SO a^h^c. 

5. 3a:^x—2xy. 6. 4m'nx— 7nl 

7. (-2 6 + 3 c) X - 8 c. 8. 4 X 2« X 32 X - 5* X 2>. 

9. 6.5^x2x5. 10. 32.52.10x21 

11. Multiply 3 y2 + y_l by -24^; 2 x (- 2aj + 3y- 24 

12. Multiply 6 a; + 4 2/ by 3 a - 2 y (§ 39, III). 

Ans, 15a^-\-2xy — Sy*, 

13. (2ac2-362/)(2c«-32^; (aj2 + 2/)(a: + 2^. 

14. 2 a* X — 3 a*»; 5 a:*» X — 2 ar^"»; 2 a'^b'' X — 2 a*»6*». 

15. l5a^'-7x-S)(x'-2x + l). 

16. (a"* + 6*»H-c'')(a'" + 26»-3c''). 

17. (ooj* -\-bx + c){da? — ea; — /). Check with a = 1, 6 = 2, c = 1, 
rf = 3, e = 2,/=5, aj=2. 



Solution. 


ax^ •\-hx -\-c 


= 9 




dx^-ex -/ 


= x3 




ode* + ftdacs + cdx^ 


27 




— «6a^ — feea;2 — cex 






- a/x2 - hfx - 


c/ 



adx* 4-(&d - ae) a^ 4-(cd - &6 - af)x^ - (ce + 6/)a; - c/= 27. 

18. (ma^ — 3 Tia; + ^p){po? ■—5qx + 2r), 

19. Show that . 

(x 4- a)(a; + &)(aj + c) = aj^ H- (a + 6 + c)aj +(a6 + ac + 6c)a; + a6c. 

20. —32x4. 

a. This problem may prove confusing to the pupil. Notice 3^ as in 
— a^ x 4 has the coeflBcient — 1 understood. Then — 1 x 3^ x 4 equals what 
by law of precedence of operations ? If an algebraist desires to square — 3 
he writes it (-3)2. 

21. 6x{a Xbx c). 22. 6x(a-\-b-\' c). 
23. 4 X (5x3x2). 24. 4x(5-|-3 + 2). 

b. Evidently to multiply the product of several factors by a monomial 
aiultiplier, we must multiply only one of the factors by this multiplier, leav- 
ing the others unchanged ; to multiply the sum of several terms by a mono- 
mial multiplier, we multiply each term by the multiplier, adding the products. 
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Perforin the multiplications in the following exercises mentally 
without copying the problems : 

25. (x + 3)(x + 5). 26. (2a;-f-3)(3a:4-4:). 

27. If 3 m — 2 feet is the width and 4 m -f 3 feet is the length 
of a rectangle, what is its area ? 

28. If 7 m — 3 inches is the base and 2 m + 4 inches is the alti- 
tude of a parallelogram, what is its area? 

29. If 3 2/ + 7 feet and y + 3 feet are the parallel sides and 
3 2/ is the altitude of a trapezoid, what is its area ? 

30. At 2 n — 13 cents apiece what will 5 n — 2 oranges cost ? 
44. Powers and Roots of Monomials. Solve orally. 

3. (5acy. 

6. (22 ay. 

9. (aj8)». 

12. (-6a26»)». 

15. (a*)*'. 



1. 


(2 ay. 


2. {3 my. 


4. 


(_3a26)2. 


6. amy. 


7. 


(_3a«6»)2. 


8. (a2)"». 


10. 


(- 3 a^^ 


11. (Say. 


13. 


i- 2y. 


14. (-2 ay. 


16. 


(a"»)\ 


17. ■V25a^ = ? u 


18. 


V16 a*. 


19. V4a^"». 


21. 


^27 mK 


22. V64a%*. 



20. V-8a«. 



23. ^/a:'^b^. 

45. Arrangement of the Terms in a Pol3momial and of the Factors 
in a Term. In the operations of multiplication, division, extrac- 
tion of roots, etc., it is almost always very desirable to keep all 
quantities arranged in regular order, according to the ascending 
or descending powers of some. leading letter, as 

ax^ + bx^ — cx — d\ 1, + 2 m — m® + 3 m^ 

The first of these expressions is arranged according to the de- 
scending powers of x, and the second according to the ascending 
powers of m. 

In a single term (§ 14), it is the rule to arrange the letters 
alphabetically, as 5 dbhnx^y, though this is not essential. 

The quantities heretofore given in addition, subtraction, and 
multiplication were quite regularly arranged according to these rules. 
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VII. DIVISION 

46. Division is the inverse of multiplication, as subtraction is 
the inverse of addition. Thus division is the process of finding 
one factor when the product and the other factor are given. 

Division bears much the same relation to subtraction that mul- 
tiplication bears to addition. For integral numbers as multi- 
pliers, multiplication is often defined as a short method of 
addition when the numbers to be added are equal. Then division 
is the process of finding how many times the divisor can be sub- 
tracted from the dividend and what remainder will be left over. 

47. Signs in Division. The rule for signs in division is quite 
like that for multiplication, viz. ; 

Like signs in the dividend and divisor give -\- for the sign of the 
quotient f and unlike signs give — . 

This rule follows logically from the definition of division just 
given and the rule for signs in multiplication (§ 40, 2). Thus, 

+ 5 X + 6 = -F 30, whence -|-30-*--F5 = + 6; 
or a + number -5- a -f- number gives a -f quotient. 

-5 x--6 = -f 30, whence +30-5--5 = ~6; 
or a H- number -s- a — number gives a — quotient. 

-h5x-6 = -30, whence -30-i--h5=-6; 
or a — number -*- a -f number gives a — quotient. 

— 5x + 6 = -30, whence -30^-5 = 4-6; 
or a — number -r- a — number gives a + quotient 

48. Exponents in Division. 

The quotient of 10x^^2a^ = 5a^, since 2 o^ x 5 or^ = 10 a^. 
Similarly, 20x^ -i-5a:^ = %:x\ 

Thus, we see in these cases that the coefficient of the quotient 
equals the coefficient of the dividend divided by the coefficient of 
the divisor, and that the exponent of a letter in a quotient is equal 
to the exponent of the same letter in the dividend diminished by 
its exponent in the divisor. 
COL. 2d. c. — 3 



24 THE FUNDAMENTAL OPERATIONS 

To prove this generally, lei a' be the dividend and a« the di- 
visor, p and q being integral numbers. 

Then u^-i-a^^ a^«, since a*'"' y^a^^aJ^ (by § 42). . Hence 

In division the exponent of a factor in the quotient equals the ex- 
ponent of the same factor in the dividend diminished by its exponent 
in the divisor, 

49. Exercise in Division. Perform the division in the first 12 
exercises mentally. 

1. 14 a*6c8 -5- 7 ac. 2. - 6 a*^^ -*- 2 a^ft. 

3. — 24 7^8^ -*- — 4 rs. 4. — af» h- a^. 

6. (a + 6)"* -^ (a + ft)". 6. a'^b^-i-ab. 

7. 14 a'^c^ -f- - 2 aV. 8. — 16 aY -^ — 8 a^ 
9. (12 . 3^^ H- (2 . 3«). 10. (3xy + 2xh/)-^xy. 

11. 6(a-|-a;)«'+*-J-3(a4-aj)-^ 

12. (6 a-^* -f 3 a"»+^6« - 4 a'»-*6^ - 12 a^ft) -?- 2 a6. 

13. (15 aj2 4- 16 052/ -15 2/2) ^(5 a; -3 2/). 

5a; — 3y 



3 a; + 6 y Ans. 



Solution. 16 a;^ + 16 a-y — 16 y^ 

16 gg- 9xy 

26xy— 15y2 

25a; y-16yg 

14. Divide 60^ + 50:^ — 4^ by 3a;H-42/. 

15. (4aj* + 4a-iB8)-*-(3a: + 2iB2 + 2). 

16. (m^-n')-i-(m--'n); (a* - 243) ^ (a - 3). 

17. (16aj8-29-|-27aj-46aj2)-i.(8a;-3). 

a. When any division ends with a remainder, test the work by multiplying 
divisor and quotient together and adding the remainder to the product. 

18. (21a»~4a2-12-42a)-^(4a + 2-3a2). 

19. Divide l-|-2a;byl — 3aj, getting 5 terras in the quotient. 
Prove answer. 

20. (af*"*"" H- oJ"^ + afy^ + y*+») -f- (aj» -|- y»). 
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21. Find in the quickest way the numerical value of a?* + a^ 
— 4a^+5a; — 3 divided by a?^ -f 2 a? — 3, when a; = 3. 

22. Find in the quickest way the numerical value of (aj* — 6 a^y 
+ 9a^f-4:y^)-^{a^-Sxy-\-2f), when a? = 3, y = - 1. 

23. Find in the quickest way (a?*— 6a^— 9aj^--y^-^(a:*+3a;-|-2/), 
.when a; = 4, y = 2. 

24. The area of a rectangle is 24:a^bc square inches and its 
base is 8 6c inches. Find its altitude. 

25. The cost of some articles was 36(m-\-n)(c-'d) dollars and 
the price was 2(c — d) dollars. Find the number of articles. 

26. The base of a triangle is Sabc feet and its area 24 a^6c* 
square feet. Find its altitude. 

50. Division by Detached Coefficients. 

1. Divide ar^-28a^ + 8a:2_35^_^ 21 by a:3-5a^-7. 

Solution. We write the coefficients only in regular order, filling in missing 
powers of x with coefficients. 

14.0-28 + 8-36 + 21| l-5 + 0-7 
1-54. 0-7 1 1 + 6 - .3 

6-28 + 15-35 or, a;^ + 6x — 3 Ans. 

5^26+ 0-36 
_v3 + 16+ + 21 
— 3 + 15 + + 21 



' If the student does not understand this solution, if he will perform the 
division as in the preceding article, supplying always missing powers of x 
with coefficients in every case, and will compare such solution with that 
just given, he will understand the process. 

2. Divide ar'-h4aj2H-7a? + 6 by a^ + 2aj + 3. 

3. (a*-8aV + 16a;*)-f-(a2 + 4aa; + 4aj2). 

Suggestion. Write the dividend 1 + — 8 + + 16, thinking of it as 
standing for a* + a^a; - 8 a'^x^ + ax^ + 16 a^. 

4 (15aJ*H-7aj + 7aj3-|-15a^+-4)---(3aj2H-2a; + l). 

5. (a^-\-^f + y*)^(^-xy + f). 

6. (H-5aj3-6.T*)-5-(l-ajH-3ar^. 
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Vni. THEOREMS OP GEOHETRY 

61. Theorems from Geometry. For convenience of reference we 
give here a list of the theorems of geometry which will be used in 
the remaining parts of the book. If a review of geometry is desired, 
the pupil should be asked to prepare anew the geometrical proofs 
of these propositions before he uses them in the solution of 
algebraical problems. If a review of geometry is not desired, the 
geometrical exercises themselves, of course, may be omitted. 

1. The angles opposite the equal sides of an isosceles triangle 

are equaly and, conversely^ in any triangle^ 
the sides opposite two equal angles are equal 

Thus, if AB = BC, then angle C = angle 
A, and if angle O = angle A, then^ J5 = BC. 

2. An equilateral triangle is equiangu- 
lar, and conversely, 

3. If two straight lines intersect, the vesical angles formed are equal 

4. If two parallel lines are cut by a transversal, alternate interior 
angles are equal, and corresponding angles are equal, and conversely. 

Thus, if ^5 is parallel to CD, ^^ 

Z1 = Z2, Z4 = Z5, Z3 = Z2,etc. 

5. Tlie opposite sides and angles of a- 
a parallelogram are equal, and the 
diagonals bisect each other, 

6. The sum of the interior angles of ^ 
a triangle equals two right angles, 

7. The sum of the interior angles 
of an Vrgon (n-sided polygon) equals 2n — 4 right angles, 

8. A radius perpendicular to a chord bisects it and also the sub- 
tended arc, and conversely. 

9. Parallel chords intercept equal arcs on the circumference. 

10. An inscnbed angle, or an angle formed by a tangent and 
a chord, is ^neasured by one half of the intercepted arc. 
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11. An angle formed by two chords intersecting toithin a circle is 
measured by one half of the sum of the intercepted arcs, and one 
formed by two secants meeting without a circle, or a secant and a 
tangent, or two tangents, is measured by one half of the difference of 
the intercepted arcs. 






Fig. 1 



Fig. 2 



Fig. 3 



Thus, Zl (fig. 1) is measured by ^(AO-\-BD), Angle A 
(fig. 2) is measured by ^ {BC— DE). Angle A (fig. 3) is meas- 
\iTedhy^{BO-BD). 

12. If a line is drawn parallel to the base of a triangle, it divides 
the other two sides into segments which are proportional to each other 
and to the tvhole sides, and conversely. 

Thus, if n is parallel to m, 

a c a b a + b c-\-d 
c d^ b 

a c 



b d 



d 




13. The bisector of an angle of a triangle, whether interior or ex- 
terior, divides the opposite side into segments which are proportional 
to tfie other two sides. 

Thus, if ABO is a triangle and CD and CD' are the bisectors 
of the interior and exterior angle 0, we have 

AD^AC AD' ^ AC 
DB CB' D'B CB 

14. Tioo triangles are similar (that is, their correspond iiig angles 
are equal and their corresponding sides are j)roportional) : 

(i) If they are mutually equiangular, or 




28 THE FUNDAMENTAI, OPERATIONS 

(;^ If an angle of one is equal to an angle of the other and the 
sides about these angles are proportional, or 

(3) If their corresponding sides are proportional 

15. Two right triangles are similar if they have merely one acute 
angle of one triangle equal to an acute angle of the other. 

16. If a perpendicular is dropped from the vertex of the right 
angle on the hypotenuse of a right-angled triangle : (i) the per- 
pendicular is a Tnean proportional between the segments of the 

JS hypotenuse; (^) each leg is a mean pro- 

portional beticeen the whole hypotenuse 
and its adjacent segment. Thus, 

AD_DB .AC_AB 

17. If two chords intersect in a circle, their segments are recipro- 
cally proportional. Or {Jig. 1 under 11 above), 

AE^DE 
CE BE' 

18. If two secants intersect without a circle, they are reciprocally 
proportional to their external segments. Or (Jig. 2 under 11)^ 

AB^AE 
AO AD' 

19. If a tangent and a secant intersect, the tangent is a mean 
proportional between the whole secant and its external segment. 

Thus (Jig. 3, under 11), AC^AB 

AB AD' 

20. Pythagorean Prop. — TJie square on the hypotenuse of a riglii 
triangle equals the sum of the squares on the other two sides, 

21. One side of a regular hexagon inscribed in a circle is equal 
to the radius. 

22. One side of a regular decagon inscribed in a circle ofradim 
r is X in the proportion r___ x 

X r -~ X 

23. Theorems about the areas of a rectangle, parallelogram, tri- 
angle, trapezoid, circle, etc. 
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IX. FORMULAS 

52. Formulas are truths or rules expressed in algebraical sym- 
bols. They are largely used in pure and applied science. 

1. Lf >S = number of right angles in the sum of the interior 
angles of a polygon of n sides, by the theorem of the preceding 
article we have the formula, /S = 2 n — 4. 

With this formula find the sum of the interior angles of poly- 
gons of 3, 4, 7, 11, 25 sides respectively. Change the result in 
each case to degrees. 

2. If ^ = the number of right angles in one angle of an equi- 
angular polygon of n sides, by the preceding exercise we have the 

formula, A = ^^— . 

?i 

Find from this formula one angle of equiangular polygons of 

3, 4, 5, 6, 8, 10, 12, 30, 100 sides respectively. Change the result 

in each case to degrees. 

3. If V is the number of degrees in the vertical angle of an 
isosceles triangle, make a formula giving the value of 6, one of 
the base angles of the triangle, in degrees. Find b when v = 25**. 

4. Show that the formula for the length Z of a belt passing 
round two equal pulleys whose radii are r ft. and the distance 
between whose centers is d ft., is 
l = 27rr+2d. 

Find I when r = ^ and d = 3^. 

6. Show that the formula for the 
area a of a sector of a circle whose angle at the center has d 

degrees in it, r being its radius, is a = j^^^« 

Find a when r= 7 in. and d = AO. 

6. Make a formula for the area S ot sl regular polygon of n 
sides one of whose sides is s and whose apothem is a. Find S 
when 71 = 9, .s = 1.5, a = 20.7 in. 

Note. Pupils should search for prs^Jtical formulas and bring them to class, 
showing tluir use. 
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X. FUNCTIONS 

53. A function of a quantity is any algebraical expression 
which contains this quantity, and which therefore depends for its 
value on the value of the quantity. 

Thus, ^±±1 is a function of n. If w = 2, ^^ + ^ = 51. if 

n = 3, the function equals 7 ; and so on for other values of n. 

1. The length of a rectangle is x ft. and its width is « — 7 ft. 
Find its area. Ans. a^—Txsq, ft. 

2. A is 05 years old now ; how old will he be in a; + 1 years 
from now ? 

3. What number must be added to x to make y ? 

4. Two of the angles of a triangle have' n and 2 n -h 1 degrees 
in them respectively. What function of n expresses the size of 
the third angle ? 

6. What must a be increased by to give 4 — 3 a ? 

6. The length, breadth, and thickness of a rectangular solid are 
4y — 3 in., 3y — 2 in., and yH-4 in. respectively. Find its solid 
contents. 

7. By what must 6 be multiplied to make 3 less than n ? 

8. What is the cost in dollars of 40 electric lights at d dimes 
each? 

9. How many hours will it take to walk m mi. at the rate of 
200 ft. a minute ? 

10. What is the number of days needed by two men to reap a 
field if p men reap it in q days ? 

11. B was b years old when C was born. How old will B be 
when C is 2 c years old ? 

12. Show that the sum of the interior angles of a polygon is 
the same function of n, whether obtained by joining the vertices 
to a point within the polygon ,or by drawing all the diagonals 
from the same vertex. Note in the latter case that the number 
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of triangles formed is 2 less than the number of sides of the 
polygon, and in the formfer case the angles about the point must 
be subtracted. 

13. A man had $a invested at «%. What would be his total 
income throughout 3 years ? 

14. A man invested $y at 6 % and the remainder of his total 
fortune of $5000 at 5 %. What was his total annual income ? 

16. A man sold a farm that cost him $10,000 at the price of 
$x-{-5 for 50 acres and $a; for the remaining 60 acres, clearing 
money by the transaction. How much did he clear ? 

16. A wheelman rode 6 hr. at m mi. an hour. Then he de- 
creased his speed and rode 4 hr. at m — 3 mi. an hour. Lastly 
he rode 2 more hours at m — 6 mi. an hour. What was his aver- 
age speed ? 

17. In a certain family there are four children, each of which 
is h years older than the next younger. If y is the number of 
years in the age of the oldest, what expressions give the age of 
each of the others, and what is the sum of their ages ? 

XI. INTEGRAL EQUATIONS 

54. An equation is a statement that two quantities have the 
same numerical value (§ 20). 

An equation containing an unknown number is essentially an 
interrogative sentence. The sign " = " is equivalent to the verb 
" is," or to the phrases, " is the same number as," or " has the 
same numerical value as." 

One of the glories of algebra is that by means of equations 
one solves with ease problems which students of arithmetic would 
probably find very puzzling or difficult. 

56. The solution of an equation, or the finding of that value of 
its unknown number which makes the two sides of the equation 
have the same numerical value, is based on the matter already 
given in this chapter, and on the axioms. 

56. An axiom is simply a truth assumed as the basis of a study. 
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57. The Axioms. 

1. Addition Axiom : Equals added to equals give equals, 

I 

2. Subtraction Axiom : Equals subtracted from equals leave 

equals. 

3. Multiplication Axiom: Eqvxds multiplied by the same 
number, or by equals, give equals. 

4. Division Axiom: Equals divided by the sarae number, or 
by equals (not zero), give equals, 

5. Power Axiom : Equals raised to the same power give equals. 

6. E.OOT Axiom : Corresponding roots of equals are equal. 

7. General Equational Axiom: If the satne operation be 
performed on two equal quantities, the results are eqiud. 

This last axiom holds true in general only for arithmetical 
numbers. 

The axioms will be referred to as "Add. Ax./' "Sub. Ax.," 
" Mult. Ax.," etc. 

8. Fundamental Reasoning Axiom: Quantities equal to the 
same quantity are equal to each other, 

9. Axiom of Uniqueness : The operations of addition, snb- 
traction^ multiplication, and division performed on quantities always 
give unique or " one-valued " results. 

58. Exercise in the Solution of Integral Equations. 

1. Find value of x in equation 5a; — 2 = 3a; + 18, and verify. 

Solution. 5a; — 2 = 3 a; 4- 18. (Given equation.) 

5a; — 3aj= +2+18. (By the subtraction axiom. Thus, the 

same . quantity, — 2 + 3 x, is sub- 
tracted from each of the two equals, 
5 a; — 2 and 3 a; + 18, giving the equal 
remainders, 5x — 3x and 2 + 18.) 
Or 2 a; = 20. (By adding or simplifying on both sides. 

of the equation.) 
X = 10. (Division Axiom. The two equals 2x 

and 20 divided by the same number 
2 give equals.) 
Verification. 5 x 10 — 2 = 3 x 10 + 18, or 48 = 48. 
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Studying this solution, we see that when 3 x disappeared from 
the right "member" of the equation and appeared in the left 
"member," its sign was changed from -h to — . Similarly, when 
— 2 disappeared from the right member and appeared in the left 
member, its sign was changed from — to -h. Evidently this rule 
will always hold true, since to " transpose " a quantity we may 
subtract it from each of the two members of the given equation. 
This causes it to disappear from the side where it now is, and to 
appear on the opposite side with its sign changed. 

We have the following rule for solving an integral equation : 

2. Transpose all terms containing the unknouon number to the 
left member of the equation and all known terms to the right member, 
changing the sign of every term transposed. Then add, or " collect,^ 
the quantities on ea^h side, as in § 35. To finish the solution, divide 
both members of the resulting equation by the coefficient of the 
unknouon. Last of all verify the answer found in the given equxition. 

Solve and verify in the following, the first four mentally : 

3. 2a; — 3 = ic + 5. 4. 5a; — 7 = 3ic-f 16. 

6. 3p-25=p-9. 6. 24w-49 = 19n-14. 

7. 7(m - 3) = 9(m -f 1) - 38. 8. 59(r - 7) = 61(9 - r) - 2. 
9. 5a?-f ll = 16-3a;-4a;. 10. Gy- [72/-(82/- 18)] = 17. 

11. (a;-hl)(aJ + 2) = (a;-3)(a;-4). 

a. One x^ destroys the other in Ex. 11 when it is transposed. The word 
"cancel'* is often used here, but it is desirable always to use the word 
"destroy" in such instances, reserving the word "cancel"' for canceling 
the same factor in dividend and divisor or numerator and denominator. 

12. (a; + l)(a;-hl) = [lll-(l-a;)>-107. 

59. Problems involving the Solution of Integral Equations. The 

solution of a problem involves three steps : (1) Letting x or some 
initial letter represent the unknown number, and constructing 
the one or more functions described in the problem. (2) Chang- 
ing a sentence in the problem which says two specified numbers 
are equal into an equation. (3) Solving the equation found and 
verifying the answer. 
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1. One base angle of an isosceles triangle is three times aa 
great as the vertical angle. Find the number of degrees in each. 

Solution. Let x = the number of degrees in the vertical angle ; 
then 3 x = the number of degrees in each base angle. 

Now x + 3x + 3x = 180. (Sentence to equation.) 

7 a; = 180. .-. x = 25^. 

a. The student may have been puzzled to see v^here the sentence "was that 
was changed into the equation. The answer is it was implied in the state- 
ment of the problem. Strictly speaking, the problem should read : " One 
base angle of an isosceles triangle is three times as great as the vertical angle. 
Find the number of degrees in each, knowing that the sum of all three angles 
is 180°.^' It was also assumed that the number of degrees in the second base 
angle is the same as in the first base angle (§ 51, 1). In most problems the 
sentence is explicitly stated, but often it is implied, as in the preceding one. 

2. Two angles are supplementary. One has d — 1 degrees and 
the other has 6(d -f 1). How many degrees are there in each ? 

3. How many sides has an equiangular polygon four of whose 
angles equal seven right angles ? See Ex. 2, § 52. 

4. The area of the United States in '1850 was 559,452 sq. mi. 
more than 3 times what it was in 1800, and by 1910, exclusive of 
Alaska and the islands, it had increased 45,535 sq. mi. over what 
it was in 1850. Now the total increase from 1800 to 1910 was 
2,260,675 sq. mi. What was the area of continental United States 
at each epoch ? 

5. The population of continental United States in 1850 was 
383,408 less than 6 times what it was in 1790, and in 1910 it was 
795,238 less than 4 times what it was in 1850. Now the increase 
from 1850 to 1910 was 10,992,404 more than 3 times what it was 
from 1790 to 1850. Find the population at each date and verify. 

6. Of the six great continents Australia has 386,000 sq. ini. less 
area than Europe. Africa has 14,000 sq. mi. less than three 
times the area of Europe, and North America 2,081,000 sq. mi. 
less than Africa. South America has 828,000 sq. mL less than 
twice the area of Europe, and Asia has 769,000 sq. mi. more than 
both Americas. The total area of all these continents is 52,153,000 
sq. mi. Find the area of each continent. 
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Xn. GBAPHS OF STATISTICAL DATA 

60. Statistical Graphs. — If two quantities are related in such 

1 way that as one changes in value the other also changes, this 
elative change can be pictured to the eye by means of a figure 
<r diagram on squared paper. 

Squared paper is not ordinary quadrille ruled paper, but spe- 
ially made, the lines being ruled with great accuracy. The 
nits of measure employed are commonly those of the metric 
ystem, the larger squares, ruled with heavier lines, being square 
entimeters, and the little squares having 2 millimeters on a 
ide. 

1. To show graphically the changes in temperature throughout 
he 24 hours of a day, having given the data in the table below. 

SoLiTTiON, On a piece ot squared paper we write 12 u. (noon) at any 
onvenient centiiaeter intersection. At the right of 12 m. and underneath 
ae sixth line marked with a dot we write 6 p.m. ; then 12 a.h, under- 
eatb the 12th line, and so on U> 12 h. again, underneath tlie 24th line. 
'asBing upward from the first 12 u. point, opposite the fifth horizontal line 
re write 5°, opposite the tenth line, 10°, etc. 

The table shows that at 12 m. the thermometer stood at 13°. To repre- 
eiit on the diagram this position of the mercury, a dot is placed at a, 13 
tiite above 12 u. ; then to represent the position of the mercury as H" above 
at 3 F.M., we start at 12 u., move 3 units to the right and then 14 units di- 

Tablb 



Moni 


READtflU 


r.. 


12 H. 


13° 


a 


3 p.m. 


14 


b 


6 P.M. 


7 


c 


8 p.m. 


5 


d 


12 i..M. 





e 


3 a.m. 


~4 


S 


6 A.M. 


-» 


9 


Sa.m. 


e 


h 


12 m. 


15 


' 
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rectly upward, marking the point reached b. To show the position of the 
mercury at 6 p.m. as 7° above 0, we pass 7 units directly upward from the 
point marked 6 p.m. to the point c ; and so on with the remaining data in 
the table. Through all the points a, &, c, d, e,f, g, h, «, a smooth curve la 
now drawn. This curve is the graph sought. 

From the graph the approximate position of the mercury can be read off 
for any hour of the day. Thus, at 8 a.m. the mercury stood approximately 
at 1°. 

2. Change the following data to tabular form and then construct 
the graph as in the preceding example: 12 m., 20°; 3 p.m., 15"; 
6 P.M., 8° ; 9 p.m., 3**; 12 a.m., -2°; 3 a.m., -5°; 6 a.m. —10°; 
9 A.M. -h 2° ; 12 M., 10°. . 

3. Construct a graph showing the changes of population of con- 
tinental United States for every ten years from 1790 to 1910 from 
the following round number data : 



1790 


3,900,000 


1840: 


17,100,000 


1880: 


50,200,000 


1800 


5,300,000 


1850: 


23,200,000 


1890: 


62,600,000 


1810 


7,200,000 


1860: 


31,400,000 


1900: 


76,100,000 


1820: 


9,600,000 


1870: 


88,600,000 


1910: 


92,000,000 


1830: 


12,900,000 











ScjoGBSTioN. Let 1 cm. on the horizontal line represent 10 years, and 
taking the population for each year to the nearest hundred thousand, let one 
2-millimeter unit denote one million on the vertical scale. 

4. Find from the graph for Ex. 3 what the population was in 
1875. In 1893. 

5. The number of immigrants coming into the United States 
during the fiscal year ending June, 1908 was as follows : July 
97,132; August 98,825; September 98,694; October 111,513; 
November 117,476 ; December 66,574 ; January 27,220 ; February 
23,381 ; March 32,517 ; April 41,274 ; May 36,317 ; June 31,947. 
Construct graph from these data. 

6. Construct other similar graphs, taking data directly from text- 
books or from one of the statistical almansfccs. These almanacs 
can be had of news or book dealers at small cost, and are very 
valuable for reference. Among them may be named those issued 
by the New York World and Cliicago Daily Nexos newspapers. 
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61. Historical Notes. — Originally everything in algebraical sol- 
utions was written out in words. Later, abbreviations for these 
words were introduced. But it was not till the sixteenth century 
that symbols came into use to denote quantities, operations, and 
relations. Even at the present time, in the solution of many prob- 
lems in arithmetic, words are freely brought into the statement of 
solutions. In the sixteenth century numerous writers on algebra 
introduced various signs. Some of these came into general use, 
while others dropped out. One writer, a Frenchman, Franciscus 
Vieta (Francois Vi^te), more than any other man of his time, 
made a quite general use of these symbols, and for this reason he has 
been called the father of algebra. Of course the substance of ele- 
mentary algebra was then known, but the value of this possession 
was vastly increased by an appropriate notation. 

Vieta * was born near La Kochelle, in France, in 1540, and died in 
1603. He practiced law and was connected with both the parlia- 
ment of Brittany and that of Paris. After 1580 he gave up most 
of his leisure to the study of mathematics and published numerous 
books and pamphlets. Being a man of some wealth, he dissemi- 
nated his writings all over Europe at his own expense. This, no 
doubt, aided greatly in introducing a uniform symbolism. Vieta 
used consonants for known numbers and vowels for unknowns, and 
the vinculum as a symbol of aggregation (these being his personal 
contributions to our notation), employed + and — for addition and- 
subtraction, but continued to use the letters aeq, (aequalis) for 
equals. He used Q (quadratus) and C(cubus) to denote the second 
and third powers respectively of the unknown, since exponents had 
not been thought of at that time. 

Thus, for , 2a^ — 3a^ -h 4a; = 12 he would have written 

2C-8Q + 4JVaeq. 12. 

One day the ambassador from the Low Countries remarked to 
Henry IV, the king of France, that a countryman of his had pro- 
pounded a problem to all mathematicians that had not thus far 
been solved, and asked if a Frenchman could be found to solve it. 

* See Frontispiece. 
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The king called for Vieta, and though the problem involved the 
solution of an equation of the 45th degree, Vieta secured two solu- 
tions in a few minutes, and gave them to the king written in pencil. 

Henry was greatly impressed with the ability of Vieta and thought 
of him as one who might discover the Spanish cipher then in use 
by the Spanish government for the transmission of ofB.cial dis- 
patches. Though this cipher contained over 500 characters, aud 
was changed from time to time, Vieta was soon able to read it, 
and the French used it greatly to their advantage in the war with 
Spain then raging. King Philip II complained to the Pope about 
tlie matter, charging that the French were using sorcery. 

Vieta wrote on algebra, geometry, and trigonometry, but the 
service he rendered to algebra is his greatest glory. 

Leonhard Euler was born in Basel, Switzerland, in 1707, and died 
in 1788. He studied at the University of Basel, and was a friend 
of the celebrated Bernouilli family. It was through the younger 
Bernouillis that he received a call when still a young man by the 
noted Queen Catherine of Russia to go to St. Petersburg, where he 
remained many years engaged in teaching and discovery. Later 
in his life Frederick the Great invited him to go to Berlin, where 
he continued his life work. Few men in history have been gifted 
with greater intellectual powers or with a more single devotion 
to learning. 

Euler made a special study of physiology, of medicine, of botany, 
and of chemistry. He was learned in the classics and could repeat 
word for word the whole of Vergil's " ^Eneid," giving the first and 
last word of each page in the edition of the book he used. He is 
most noted, however, as a mathematician and astronomer. In 
mathematics he took many prizes from scientific societies, such 
as the French Academy. 

When but 28 years of age, he solved a problem in three days 
which the most eminent mathematicians of the time asked for 
months to solve. The great exertion, however, brought on a fever, 
which resulted in the loss of the sight of one eye. This did not 
deter him from work, for only a year or so later he was winning 
prizes for solving the most difficult problems. In later life, soon 
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after his return to St. Petersburg, a cataract grew over his remain- 
ing eye. The operation for its removal was not carefully enough 
done, and during the last years of his life Euler was nearly blind. 
It was at this time he was at work on calculations for explaining 
the inequalities or irregularities in the moon's motions, and these 
calculations and the data for them he had to carry in his head. 

Late in life when almost blind he dictated to a tailor's apprentice, 
who knew nothing at all of mathematics, his " Introdiiction to 
Algebra," a book which is elementary in character, but which has 
been recognized as a standard text from that day to this. Euler's 
works if printed in their completeness would fill about 80 huge 
volumes. His researches aided greatly in the development of the 
various branches of mathematics, and he stands as one of the 
greatest mathematicians of all time. 

His studies, carried on through a period extending considerably 
over half a century, much of the time in the face of the greatest 
obstacles, such as the difficulties of the subject and his own 
physical defect, set an example of whole-hearted love of knowl- 
edge which cannot fail to be an incentive to labor more diligently 
to all those who come to know of this man and his work. 



CHAPTER II 



THEOREMS IN MULTIPLICATION AND DIVISION, AND FAC- 
TORING 

I. THEOREMS 

62. A theorem in algebra is a fundamental truth expressed in 
words, whereaa a formula is such a truth expressed in symbols. 
(See § 52.) 

a. In the proofs that follow, and hereafter, we will use heavy-faced type 
to denote any algebraic quantities. Thus, a may stand for 2 a6, or for c-f-d, 
and b may stand for 3 c^, or 2 m -f 3 w — 6p, etc. The letters in ordinary 
italic type are understood to stand each for some number. Letters in heavy- 
faced type are to be understood as capable of denoting either a single letter 
or any combination of letters, figures, and signs, denoting a quantity. To be 
able to generalize in this way is one of the strong features of algebra. 

63. Theorem I. The square of the sum of two quantities is 
equal to the square of the first, plus twice the product of the first and 
second, plus tlie square of the second. 

Proof. Let a and b be any two quantities. Then by actual multipli- 
cation: . 

u n 

a +6 
a -h6 

a^-^-ab a 

4- a6 + 62 



a^ 


ab 


ab 


6« 



a2 4-2a6-f A2 

Or, (a 4- 6)2 = a2 + 2 a6 -f- b\ 

Beside the multiplication we see a geometrical proof of this 

theorem. The square constructed on the sum of the lines a and 

b equals the square a^ constructed on a, plus two rectangles a long 

and 6 wide, plus the square 6^ constructed on b. 

The student should practice pointing tQ the different characters 

41 
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in the formula (a -f 6)^ = a^ -|- 2 ab + 6^ which correspond to the 
words of the theorem as he repeats the theorem, lliis course 
should he followed in the study of all the tlieorems. Notice that in 
reading algebraical expressions very often we do not go regularly 
from left to right as in ordinary print. 

Expand mentally the following by using the theorem : 

1. (2a-h36)^ 

Solution. (2 a + 8 6)2 = (2 a)^ + 2(2 a x 3 6) + (3 6)«. 

= 4a2 +12a6 +9 62. Ans, 

2. (6a-h2 6)^ 3. (7a +6 6/. 

4. (3a' + 2y)^ 5. (Sx + 4:y)(Sx-{-Ay). 

6. (2m«n-hl)^ 7. (a« + 2 6*)(a» -h 2 6^. 

8- (i^ + |y)». 9. (7 + ^y. 

10. (15 + |)(16+i). 11. (100 +2)^ 

12. (25 + 3)^ 13. (18 + |)». 14. (7i)» 

16. (16i)«. 16. (12f)l 17. (9|)». 

18. 24.5«. 19. 8.2^ 20. 26.5^ 

21. 100.6«. 22. 80.4«. 23. 20.8^ 

a. The object in giving so many arithmetical problems here is to accus- 
tom the pupil to apply his algebra to arithmetic. Such calculations can often 
be performed mentally and much more quickly than by ordinary multiplica- 
tion ; or, they can be used to check the accuracy of ordinary multiplication. 

Factor the following quantities (this being the reverse opera- 
tion to that we have been performing) : 

24. 9a^ + S0xy + 25f. 

Solution. V9x2 = 3«; \/25y2 = 5y. Possible Ans, (3a; + 6y)2. 
Check. (3 ac + 6 y)2= (3 «)2+ 2(3 « x 5 y) + (5 y)2 = 9 «2 + 30 jcy -|. 26y*. 

25. 4m*-hl2mn-h9n*. 26. a^ -h 10 a; -f- 26. 

27. a262 ^_ 2 a6cd + c^cP. 28. 36 x^ -f 84 or^y* + 49 y*. | 

29. a^-\-x-\-\. 30. a2" + 4a** + 4. 
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• 


a-b 

i (a- 6)* 


6 
ab 


b^ ab 



64. Theorem II. ThB square of the difference of two quanti- 
ies equals the square of the firsts minus twice the product of the first 
net second, plus the square of the sec- 
•ncJ. 

I*KOOF. Let a and b represent any two 
quantities. By actual multiplication, we 
lave (a _ 6)2 = a2 - 2 a6 -f 62. 

Proof by Geometry, a^ -\- b^ (or the 
.rea of the large square '+ the area of the 
mall square below and to the left of the large 
quare) diminished by the two ab rectangles equals the square on a — 6. 

Expand the following quantities by using Theorem II : 

1. (2m*-3n)2. 
Solution. (2 w2 — 3 n)2 = 4 ?»♦ - 12 m^n + 9 n^. Ans. 

2. (3 mn - bf. 3. (3 ahc - hcdf. 4. (100 - 3)2. 
5. (l-|ic2)2. 6. (16 -i)^ 7. (.4ar^-.2)2. 
8. (12 -i)^ 9. (112 -i)l 10. (87|)^ 

11. (24|)2. 12. (17|)2. 13. (49f)^ 



• Factor (reverse operation) the following ; 

14. a^ - 8 a + 16. (See § 63, Ex. 24.) 

15. m*-20m2 + 100. 16. 4.a^f -2(^xyz + 257?. 
17. 36iC*- 60a:^ + 26 y«. 18. 1 - 6 ft^cs + 9 ^ V. 

65. Theorem III. The product of the sum and the difference of 
two quantities equals the difference of their squares ; and, conversely, 
the difference of the squares of two quantities equals the product of 

5 their sum and their difference. 

Proof. Let a and 6 represent any two 
•o quantities. 
B By actual multiplication 

(a + 6)(a-6) = a2-62. 

al 1 Vq ^N Proof BY Geometry. 

6 6* H H=K=(a^b)b. 

Then, 111^= MQ-\- H=z MP^b'K 
or, (a+6)(a-6) = a^ - 62. 



M 





K 






Q 


6« 


H 




6 


a-b 1 


9 

1 
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Expand' the following quantities by using Theorem III : 

1. (2a-h3 6)(2a~3 6). 

Solution. (2 a -f 3 6) (2 a - 3 6) = (2 a)2 - (3 6)2 = 4 a2 - 9 &2. Ans. 

2. (3-ha;)(3-a?). 3. (m«-n«)(m«-h A 
4. (3a2-f 7 5^(3a2-76«). 6. (a"" + b%a^ - b^), 
6. 58x62, or (60 -2) (60 + 2). 7. (17 + i)(17 - i). 
8. 73x67. 9. (26fx33i). 

10. a* = (a -I- 6) (a — 6) -f 6^. (By transposing 6^) 
Thus, 67^ = 70 X 64 -h 9 = 4489. 

11. Square in same way 27; 54; 89; 117. 

Factor (reverse operation) the following: 

12. 9 a* -16 6^. 13. 25 6* -36. 14. 4m«-l. 

15. 49 a* -^6^. 16. a^-b^\ 17. \a^y^^'-25n^. 

66. Theorem IV. The product of two binomials having a com- 
mon term equals the square of the common term, and the algebraic 
sum of the other two terms times the common term, and the algebraic 
product of the other two terms. 

Proof. Let x, a, and b represent any three quantities. Then 

X ^-a X —a X —a 

X + b X -b X + b 



jr2 -\- ax jr2 — ax x^ — ax 

-\-bx + a —bx + ab +bx — ab 



jr2 -I- (a + 6)>f + a6 jr2 + ( - a - 6)jr + a6 jr2 + ( - a + b)x — ab 

Expand the following quantities mentally by using Theorem IV: 

1. (a; + 5)(a?-6). 

Solution, (x + 5) (x — 6) = a;2 + (6 — 6)a; — 30 = a;2 __ a; _ 30. Ans. 

2. (a; -h 2)(ic + 3). 3. (a;-4y)(a;-6y). 
4. (ax -^6) (ax — 9). 5. (a^ — S xy){x^ -{- xy). 
6. (2a-h3)(2a-h7). 7. (3a6- 7)(3a6-5). 
8. (2m^-\r5n){2m--10n). 9. (5c»-8(^)(5c"4-9 d). 

10. (90 -4) (90 + 3). 11. (70 -f 4)(70 + 5). 
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12. 64x67. 18. 52x58. 14. 47x54. . 15. 29x33. 

16. 18x23. 17. 97x105. 18. 997x1004. 19. 88x94. 
20. 37x47. 21. 16x29. 22. 87x95. 23. 63x69. 

Factor (reverse operation) the following : 

24. aj2 -h 11 oj - 26. 

Solution. We find two numbers 13 and — 2 whose product is — 26 and 
sum is 11. (x + 13)(a; — 2). Ans. 

25. i^ + 13yz + 12f. 26. 62-306 + 200. 
27. a^** — 18 a** + 45. 28. 4a^ + 4a^-15. 
29. fz^ — 5y^hi-S4:n\ 30. f + ^y — -^- 

67. Theorem V. The cube of the difference of two quantities 
equals the cube of the firsts minus three times the square of the first 
times the second, plus three times the first times the square of the 
second, minus the cube of the second, 

(In the Cuba of the sum of two quantities all the terms are 
positive.) 

Proof. By actual multiplication. Left to pupil. 

1. (2a2-568)^ 

Solution. (2 a^ - 6 6«)8 = (2 a2)8_3(2 ^2)2(5 58) 4.3(2 a2) (5 58)2_ (5 58)8 

= 8 «« - 60 a*68 4- 160 a^"^ - 125 hK (§ 21, l.) 

2. (2a-4 6*)«. 3. (2a2— ^6)8. 4. (a^-i^^^s^ 

Factor (reverse operation) the following : 

5. 27 a« - 108 a^ft + 144 a62 _ 64 6». 

Solution. V'll a^ = 3 a ; ^- 64 &» = - 4 &. Possible Ans. (3 a - 4 &)». 
Chbck. (3a-46)8= (3a)8- 3(3a)2(4&) + 3(3 a) (4 6)2- (4&)8. 

= 27 a8 - 108 a^h + 144 ab'^- 64 6«. 

6. 125.T«-75a^+15a;-l. 

7. 8a« + 72a^62 4.216a26* + 2166«. 

68. Theorem VI. Tlie square of the sum of any number of 
quafdities equals the sum of their squares and the sum of twice the 
product of each quantity by each quantity that follows it. 
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Proof. We will limit the proof to trinomials and quadrinomials, but the 
theorem holds generally. By actual multiplication 

(a + 6 + c)2 = a2 + 62 + c2 + 2 a6 + 2 ac + 2 6c. 
(a-6-c+(/)2=[a+(-6) + (-c) + (/P 

= a2 + 62 + c2 4-(/2-2a6-2ac4-2a(/ + 26c-2 6(/-2c(/. 

Expand the following by Theorem VI : 

1. (a-26-f5c)2. 

Solution, (a - 2 6 + 5 c)^ = a^+i 52 ^ 26 c^ - 4 a& + 10 ac - 20 be. 

2. (3a-4m + 2wy. 3. (2 a^-Sbc + 7hy. 

4. (a;-2y + 2;-5n)«. 5. (a"* - 2 ft"* - 3 c~ — 2 cf )2. 

69. Theorem VII. Divisibility Theorem.* If a polyno- 
mial in X (§ 15) equals when x = a, then the polynomial is exactly 
divisible by x^a. 

1. Show by the divisibility theorem that aj^— 7 aj+lO is exactly 
divisible by a? — 2. 

Solution. Putting x = 2, a;^ — 7 x + 10 = 4 — 14 + 10 = 0. 
Check. (a;2 — 7a;4- 10)-f-(a; -2)=a;— 6. 

2. Show that oj* — 27 aj — 124 is exactly divisible by a; + 4, and 
check. 

Suggestion. Put a; = — 4. If polynomial equals when this value of a; is 
substituted, then by the theorem it is exactly divisible by a; —(—4), or by 

3. By what is2a^ + 3a^ — 4aj— 1 exactly divisible ? 
Suggestion. Noting sum of coefficients, will a; = 1 answer ? 

* Proof. Let p — any polynomial in jr, qr = the quotient when p is divided by 
X — a, and r = the remainder, the division being continued until the remainder 
does not contain jr. 

Then, p = q{X—a) -f- r (Since dividend = quotient x divisor 

+ remainder.) 

Now if Jf == a, p=zq(a — a)+r. (By substituting a for Jf .) 

Or, = 7 X + r. (Since /> = 0, by hypothesis, when Jf = a). 

Hence, r = 0, 

or there is no remainder when p is divided by Jf — a. 
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4. By what is«^+6«^+3aj— IQ exactly divisible on inspection ? 

5. By what is a;*-|-6aj^-|-3aj*H-aj + 3 exactly divisible? Put 
x = '\'ly — 1, +3, and — 3 in turn, these being the factors of the 
last term. 

70. Theorem VIIL* The difference of any same powers of two 
quantities is exactly divisible by the difference of the quantities. 

For example, o^ — y^ aj^ — ^, a?* — y*, etc. are each exactly divis- 
ible by a? — y. 

• 

71. Theorem IX.f The difference of the same even powers of 
two quantities is exactly divisible by both the difference and the sum 
of the quantities. 

Thus, a^ — y^, x^ — y*, afi — ^y etc. are each exactly divisible by 
both x — y and x-{-y. 

72. Theorem X.t TTie sum of the same odd powers of two quan- 
tities is exactly divisible by the sum of the quantities. 

Thus, nt^ + y^, a^ + y^,af-i- y^, etc. are exactly divisible hj x-^y. 

* Proof. Let Jr* — a* represent the difference of any same integral powers of 
two quantities, x and a. Now, if Jf = a, 

jr>» — a» = a« — 0^ = 0, 

and therefore, by § 69, Jr* — a** is exactly divisible by x — a, no matter what the 
yalaes of x and a are. 

t Proof. The difference of the same even powers is exactly divisible by the 
difference of the quantities by Theorem VIII. It remains to prove that the differ- 
ence of the same even powers is also divisible by the sum of the quantities. 

Let x^ — a** represent the difference of the same even powers of two quantities. 
Then, if Jf = -a, x^—a^ = (— a)" — a*» = a« — a»» = 0, 

because n is even ; and hence, by the divisibility theorem, § 69, Jf* — a*» is exactly 
divisible by if — (— a) , or Jr + a. 

t Proof. Let Jf* + a** represent the sum of the same odd powers of two quanti- 
ties X and a. Then, if jr = — a, 

because n is odd ; and hence by the divisibility theorem, § 69, Jf* + a* is exactly 
divisible by jr — (— a), or jr + a. 
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73. The Factoring of Binomials by Theorems VIII-X.* Theorem 
Vlll-Xgive one factor of any binomial which is the sum or difference 
of the same powers of two quantities. The other factor can be found 
by long division. Or, to find the remaining factor^ divide tJie frst 
term of the given binomial by the first term of the known fador^foft 
the first term of tJie required factor. To find the next teim of the 
required factor, divide its first term just found by the first temi of 
the known factor and multiply the quotient by the second term of the 
known factor, ignoring signs. The third term is found from the 
second in the same mxinner a>s the second was found from the first; 
and so on to the last term. 

Whenever the known factor is a difference, aU the signs of the 
other factor are positive ; when it is a sum, the signs of the second 
factor will be alternately positive and negative. 

The reasons for this rule can be easily seen by referring to 
actual long divisions. 

Separate the following into their prime factors, proving the 
answers by actual multiplications if there is any uncertainty as 
to their correctness. Some or all should be performed mentally. 

1. m^-n\ 2. Sx^-f. 3. 9Qi?-16f. 

4. a^-2^. 6. 27m« + 64n8- 6. aj^-y*. 

7. a^'hb'^. 8. 16c^-81d*. 9. a«-fl25 5« 

10. a»H-86^ 11. 27 a^H- 8 6^ 12. a^-^b'^' 

a. Theorems VIII-X cover the ground of the divisibility of binomials by 
binomials. Expressions which do not fall under one or other of these 
theorems are not divisible by binomial divisors. For example, a' — 6*, 
a^ — 6^ etc. are not exactly divisible by a + b. Also a^ + 6^, a* + 6*, 
a^ -\- b^, etc. are not exactly divisible by either a -\-b or a — b. Test the 
truth of these statements by actual divisions, and then state the results in the 
form of theorems. Every student of algebra should know these truths. 

b. It must be carefully noted, however, that it often happens that quan- 
tities which cannot be factored when tested in one way can be factored 
when tested in another. 

* The theorems just enunciated include the cases of the factoring of the diffe^ 
ence of two cuhes and the sum of two cubes. Thus, 

a;8 - 1/8 * (X - y) (3t2 + acj/ + 2/2) . (By Theorem VIII, and § 73.) 

x8 + 1/8 = (x + 2/) (x2 -zy + y^. (By Theorem X, and § 73.) 
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For example, while cfi + b^ ia not divisible by either a + 6 or a — 6, it is 
visible by cC^ + 6^ by Theorem X, since it can be written (a*^)* + (^h^y. 
gain, while such an expression as a* + 4 6* is not divisible by any real 
nomial divisor, it will be shown later that it is divisible by a trinomial 
visor. 

74. Promiscuous Exercise in the Use of the Theorems. Solve 
lentally. 

Expand the first 23, and factor the remaining exercises. Quote 
le theorem used in each exercise. 

I. (2ix-^by. 2. (a -3 6)2. 

3. (a + 2 6)(a - 2 6). 4. {x-yf. 

5. (ic-f 5)(a; — 4). 6. (a — 6)(a— 6). 

7. (3 a^- 2 62)2. 8. (x^l y){x-lly). 

9. (m^ - 7 n)(m2 + 12 n). 10. (3 a -1)3. 

1. (2a2-562)(2a24-562). 12. (2 a- 11) (2 a -10). 

3. (3a'»-2 6»)2. 14. (2a"» + T)(2a"»-7). 

5. {:x?-f){x^ + 21f). 16. (2 m -3)3. 

7. (3aj — 8)(3aj + 6). 18. {^m — \n){^m-{-\n). 

9. (100-2)2. 20. 77x83. 

51. (2a;-y-3«)2. 22. {^ m" - 2 7i^ -\- p^f. 

53. (a-26-3c + 4)2. 24. 64a^-2^. 

lb, 9a2-f 30a3^ + 25 2/2^ 26. a*-326^ 

27. 7?f-2^xy-\-m. 28. x^-2by^. 

29. a:3-9iB2^27a;-27. 30. l-{x-y)\ 

31. 16 a262c2 + 24 aft^cs 4- 9 62^4. 32. a^W^m.2. 

33. a262 _ 13 a6c + 40 c2. 34. a»-a^. 

35. ay + 7a2y2J-822. 36. a^'^-b^ 

37. m*^-3m2p-70. 38. 8 a^- 27 68. 

39. 8aj»-60iB2y + 150a^2_i25y». 40. l-(x-yy. 

41. (a + ^^)'-3c2. 
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FACTORING 



75. Practical Applications of the Theorems of Multiplication. 

1. Prove that the square of the side opposite an acute angle in a 
triangle is equal to the sum of the squares of the other two sides di- 
Q minished by twice the product of one 

of those sides and the projection of 
the other on that side. 




To prove a'^ = b^-\- c2_. 2 cm. 
Proof. a^=p'^^BT)^ (§51.) 

= p2+ (c-m)2 
=i?2 4. c2 - 2 cm + m2. 
(By Theorem II.) 
. •. a^ = 52 _}_ c2 _ 2 em. q.b.d. (Because p'^-\-m^ = h^ by Pyth. Prop.) 

2. Find the square of the side opposite an obtuse angle in a 
triangle. 

3. Pythagoras stated that if 2 a + 1 and 2 a(a + 1) are the legs 
of a right triangle, 2 a^ + 2 a + 1 is the hypotenuse. Prove that 
this is true by showing that the sum of the squares of the first two 
equals the square of the last. 

4. Plato gave 4 a, 4 a^ — 1, and 4 a^ + 1 for the sides and hy- 
potenuse, and Brahmagupta gave 2 ah, a^ — h\ and a^ + 6^ ; verify 
their statements. 

5. Put a = 1, 2, . . . in Ex. 3, 4, getting sets of integral num- 
bers whose sides form right triangles. 

6. Find how far a body will fall in the last second of its fall by 
calculating (simplifying) \g^ — \g{t^ 1)\ 

II. FACTORING 

76. Factoring is separating a quantity into other quantities 
whose product equals the given quantity. The quantities already 
factored and those to be factored in this chapter are rational 
integral quantities, or quantities that do not contain root expres- 
sions which cannot be found exactly. 

Factoring is an important topic. The difficulty of mastering 
the subject is greater than learning the fundamental operations 
because of the variety of processes and kinds of problems. 
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In the study that follows we will classify quantities into mo- 
lomials, binomials^ trinomials, quadrinomials, and multinomials. 
Ve will take up first a case which stands by itself, viz., that of 
aonomial factors contained in polynomials. 

77. Monomial Factors in Pol3momial8. A monomial is a factor 
f a polynomial if it is contained in every term of the polynomial. 

Type forms : ajr + 6jr = (a + b)x ; a ->• ft 

3 mx +3m/ —Smz = S m{x +/ — z). ee 

Geometrical Meaning of Factoring. In the factored form (a+&)x, the 
rea is expressed as the product of length by breadth ; in the unfactored form, 
'X + bx, the area of each part is found and these parts are added. See p. 18. 

1. Factor 6 a* — 2 am^ and prove answer by multiplication. 
Division Solution. 2 a )6 g^ — 2 am^ Proof. Sa^ — m^ 

6a*-2ama. 
Direct Solution. 6 a« — 2 am^ = 2 a(3 a^ — m*). 

Factor the following, using both the division form and the direct 
jolution form : 

2. 4a» — 2a6. 3. 20ar^y-5y. 
4. 2m^ — 6m^n 4-10 mn. 5. a^—ab. 

6. 8 a-' — 12 a^ — 4. 7. a6 — oc + ad — a5c 

8. a(m + n) — 5 h(m + n) 

Solution. m+n \ a(m + n) — 66(m + n) 

a -56 

9. 2 6(3a?-y)+3c(3aj-y) + 2d(3ic-y). 

a. Throughout factoring the first step to be taken ig to remove the mo- 
nomial factors from the given quantities, if any are present. The other fac- 
tor can then be separated into its factors. The presence of the monomial 
factor disguises many problems, and until it is removed, the student will not 
know how to proceed. This fact should not be forgotten. 

1. Monomials 
78. Factoring of Monomials. A monomial such as 3 d?bh is re- 
garded as already factored. A quantity such as 48 mH is factored 
when its coefficient is factored. Thus, 48 m^n = 2* x 3 m^n. 
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2. Binomials 

79. Factoring of Binomials. Two different classes of problems 
may be distinguished, of which the first is altogether the more 
important. 

I. Binomials factored directly by one of the theorems : converse 
in Theorem III, and Theorems VIII, IX, X. 

See, for examples, §§ 65, 73. 

II. Binomials factored by inserting a quantity between the term 
of the given binomial, and then subtracting the same quantity in a 
fourth term, thus changing the given binomial into a quadrinomial 
which is the difference of two squares. See Ex. 13 below. 

Factor the following by one of the theorems mentioned above: 
1. 16x*-9y\ 2. a^-27f. 3. a*-6*. 

4. 8m« + 125n«. 5. a%V-l. 6. z^ + 1. 

7. 0^ + /. 8. a^-165«. 9. 16.1^-625. 

10. 4a^-f 1082;«. 11. 96 m* -486. 12. of + 64:X^. 

13. Factor a* + 4=b* and prove by multiplication. 

Solution 

(1) (a* + 4 a2^2 + 4 6*)- ia^b^. (The term 4 a^b^, which is 

added and then subtracted, 
is twice the product of the 
square roots of a* and 4 ¥. 
• Notice 4a'^62 jg chosen so 
that a* + 4 a^b^ + 4 6* is the 
square of a binomial as ob- 
tained by Theorem I, §63.) 

(2) (a2 + 2 62)2 - (2 a6)2. (By writing each part in the 

form of a square. ) 

(3) («-^ + 2 62 + 2a6)(a2 + 2 62-2a6). (Factoring by converse of 

Theorem III, § 65.) 

(4) (a2 + 2 a6 + 2 62) Ca2 _ 2 a6 + 2 62). (Removing vincula and re- 

arranging.) 

(5) Prove by actual multiplication. 

14. a* + 64 6*, 15. a?* + 3242^. 16. 4m* + 81p^ 
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8. Trinomials 

80. The Factoring of Trinomials. Three different classes of 
problems may be distinguished, of which the first is much the 
most important. 

I. Trinomials factored by the trial metlwd. See Exs. 3, 4. 

a. In certain special cases the trial method is materially aided by making 
use of Theorems I, II, IV. For instance, to factor a trinomial square, extract 
the square root of the first and last terms, and square the sum or difference 
of the roots by Theorems I and II to see if the result is the given trinomial. 
To factor a trinomial, the product of any two binomials having a common 
term, search for two quantities whose product is the third term of the given 
(arranged) trinomial, and whose algebraic sum times the square root of its 
square term equals the middle term of the given trinomial. 

II. Trinomial factored hy changing the given trinomial into a 
quadrinomial tvhich is the difference of two squares. See Ex. 16. 

III. Trinomials factored by the divisibility theorem. See Ex. 20. 

1. Factor 9 o?^ + 30 aP -f 25, using Theorem I. See § 63, Ex. 24. 

2. Factory^ — 4^2 — 452^, using Theorem IV. See § 66, Ex. 24. 

3. Factor 15 a^ — 77 am + 10 m^ by the trial method. 

Solution. 
3a— 6w 3a— 2w 16 a— 2m 

b a —2m 6a -- 6m a — 6m 

15a2 — 25aw ISa^-lOam 16a"^- 2am 

— 6 am + 10 m^ - 15 am + 10 m^ - 75 am 4- 10 m^ 

15 a2 - 31 am + lOm^ 15a2 - 25 am + 10 m^ 15 a^ - 77 am + 10 m^ 

Evidently this method consists in selecting coefficients for a 
pair of factors in such a way that the product of these factors 
will have the same coefficients for its first and last terms as those 
of the given trinomial. Then, by actual multiplication, the product 
is found and compared with the given trinomial. If the middle 
coefficients differ, another set of trial coefficients must be selected, 
and so on, till a set of coefficients and signs is found which gives 
the desired product. 

b. If the given trinomial contains no monomial factor, neither can either 
of its factors. For, if one of two factors contains a factor, their product will 
3ontain this factor. 
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Thus, in the problem just solved it was useless to try the second set o 
factors 8 a — 2 m and 6 a — 5 m, since 6 a — 6 m con talus the factor 5 and tb 
given trinomial does not. 

We will give next another kind of trial method for factoring 
trinomials whose coefficients are large or give rise to many com 
binations of factors. 

4. Factor 12 or^ - 41 a? - 15. 

Solution. (12 x)^ — 41(12 a;)— 12 x 16. (Given quantity multiplied bj 

the coefficient of a;*.) 

This expression is now factored by the method of § 66, We seek for twc 
numbers whose proditct is — 180, or the product of the first and lasl 
coefficients of the given quantity, and whose sum is — 41, or the coefficient ol 
z in the given quantity. Starting with the divisor 2 and trying each divisoi 
of — 180 and its quotient, we look for a pair of factors whose sum is — 41. 

In this way we get 4 and — 46. Then we write 

(12x4- 4) (12 a; -45). 

But we introduced the factor 12 above, and now must remove it from the 
factors found. Taking 4 out of the first factor and 3 out of the second, we 
have (8 a; 4- 1) (4 a; — 16). Arts, 

Proof. (3a;+ l)(4a;- 16)= 12 aj^- 41 a: - 16. 

6. a?* + «*-30. 6. 2/^2* + 4 ^2! + 4. 

7. 5a*-10a26-f 56^ 8. 24 ar^ - 29 a:?/ - 4 3/*. 
9. 2c2-13cd + 6(P. 10. 16a^-24a* + 9. 

11. ^yS_-J^y + 25. 12. a^-19af +90. 

13. 20 -9 a? -20 re*. 14. 24 a^ftV - 37 a6c — 72. 

15. 2b m* — 41 mV + 16 n*. Factor each of the factors. 

16. Factor 9 a:* + 38 a^/ + 49 y* by changing to a quadrinoniial 
which is the difference of two squares. 

Solution 
(1) (9 aj* + 42 a;2y2 + 49 y4) - 4 x^\ (The term 42 xh/^ is found by tak 

ing twice the product of tlit 
square root of 9 a:* and of 49 ^ 
Then 4 xhf^ has to be subtracter 
in a fourth term to leave tb 
given quantity unaltered.) 



QUAPHJNOMIALS 55 

(2) (3 X? + 7 y2)a _ (2 xy)4. ( WriUug e»cb pwt in form 

of square.) 

(3) [ (3 x^ + 'Jy^) + 2 xy] l{Sx^ + 7y^)-2 ary ] . (Factoring by converse of 

Theorem III, f a§.) 

(4) [3 a;2 + 2 a^ -I- 7 J^'^][3 x^-2xy-^7 y^^. ( Removing parentheses 

and rearranging.) 

(5) Prove by actual multiplication. 

17. Factor 9 a* 4 21 aV -f- 25 c* and prove. 

18. Factor a* -f a-6^ -)- &^ and prove. 

1«. Factor 16 a^ — 17 a*^ + Z>* and prove, 

20. Factor af* — 19 a; — 30 by the divisibility theorem. 
Soj.UTioy. — We try the factors of 30. 

If a; = ±l, a:8-19jc-30 = -48, or -^12. 

If x = ±2, x»-19x-39 = -60, or ; thusic-(-2) isafactor. 
If x = ±3, a;5-19x-30= — 60, or ; thus x— (-3) isafactor. 
If a; = ± 6, «' — 10 3!; — 30 = 0, or — 60 ; thus a; — 5 is a factor. 
Henee, a^ -- 19 x—'iO = (x -f 2)(x + 3) (x - 6). Prove by actual nmltipli- 
cation. 

21. ar'-7aj + 6. 22. y»-13y4-12. 2S. ^-21«--20. 

4. Qu»4noomials 

81. ne Pactoriiig •! Quadriaomials. Four different classes of 
problems may be distinguished. 

I. Qaadrinomials the prodtict of two binomials, solved by in- 
serting one pair of terms in one parenthesis, and the remaining pair 
in another parenthesis, and then, after removing monomial factors 
from each, dividing by a binomial factor now apparent. See Ex. 1. 

II. Qaadrinomials the difference of two squares, solved by plac- 
ing three terms in parenthesis, and then factoring by converse of 
Theorem IIL See Exs. 8, 13. 

III. Quadrino^mals the cube of a binomial, solved by extracting 

the cube root of the first and last terms, aivl checking the suggested 

ansicer b'l cubing the sum or difference of the roots by Theorem F. 

See Ex. 18. 

COL. 2d c. — 6 
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IV. Qiiadrinomicds factored by the dimsibility theorem. Sw 
Ex. 24. 

1. Factor 3 aV — 4 o/co^ — 6 abx + 8 he. 
Solution. (3 «%» « 4 acx^) __ (6 afta; - 8 be) (§ 37). 
ax2(3aa5-4c) -25(3ax-4c) 

3ax — 4c I gjc\8qx — 4c)— 2 6(3«a; — 4c) .« «« q. 
ax* — 2 0. 

Proof. By tDultiplication. 

Note. When the first term to be put in the second parenthesis is negative, 
the rule is to make the sign before the parenthesis negative. If one arrange- 
ment of the terms in parentheses fails to show a common binomial factor, 
try another. When the terms of the binomial in the second parenthesis 
have signs opposite to those in the first, change the sign before the second 
parenthesis, changing the signs inside at the same time. 



Factor the following : 

2. ac — bd + bc — ad. 

4. ajy — 3 y -+- 2 a? — 6. 

6. 15a« + 12a2-10a-8. 

8. Factor a^ -h 2 a6 — aj* + 6^ and prove. 

Solution 
(1) (a2 + 2a6 4-62)-a;2. 



3. a» + a2 + 2a-f 2. 

6. cdoi? — cxy -+- dxy — j/^. 

7. abcxy — l^dy — acds? + 6(fat. 



(2) (a + 6)a-a;2. 



(3) (a + 6 + a;)(a-|-6-a;). 

(4) {a-\-h-\-x){a-\-b-x). 
(6) Proof. By multiplication. 

Factor the following : 
9. 52_l_2a6 + a«. 
11. a^-2;2_2a!y + y«. 
13. 4&c + a^-46*-c». 

Solution 
(1) a«-.(462_46c + c2). 



(Placing the three terms which form the 
square of a binomial in parenthesis.) 

(Factoring the trinomial.) 

(By converse of Theorem III.) 

(Removing vincula.) 



10. 4a2-962 + c2 4.4ac. 
12. (a-6)2-4c2. 



(The monomial square is here positivi 
and must come first; the trinomia 
square must be inserted in a parenthesi 
preceded by minus sign.) 
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(2) a« - (2 6 - c)2 (Factoring the trinomial.) 

(3) (a + 26- c) (a - 26 -c) . (By converse of Theorem m.) 

(4) (a + 2 6 - c) (a - 2 6 4- c). (Removing vincula.) 

(5) Prove by actual multiplication. » 

14. 4a2 + 66c-96*-c«. 16. 126c-h46*-9 6*-4c*. 

16. 24a6-4a* + 9a^-366«. 17. 2a6-a^-6*-f 1. 

18. 27c*-12a2-h36a6-27&2. 

19. 3aj22^-12a^-hl2y'-3a^. 

20. 64 a:« - 144 v^f + 108 7^^-21 f. (See § 67, Ex. 5.) 

21. 8a^-60a^y + 150a:/-125/. 

22. 216 a«68+ 108 a*6*c 4- 18 a*6c* + c». 

23. ar»4-5a^-18aj + 8. (See § 69.) 

24. 12ar^-40a^ + 13aj + 30. 

Solution. A factor of the given quantity may be of the form ax — 6, of 
rhich a is exactly contained in 12, and 6 is exactly contained in 30. 

Ifox — 6=0, a; — - = (Div. Ax.). If, when - is substituted for as, the 

a a 

;iven polynomial in x reduces to 0, - is a root. Thus, to find a factor of 

a 

2«» — 4005^ -I- 13x + 30, we will substitute for x fractions whose numerators 

ure factors of 30, and whose denominators are factors of 12, as }, f , f , etc. 

If « = ± 1, 12 xs - 40a:2 4. 13 a; + 80 = 15, or - 36. 

If ic = ± 2, 12ic« - 40x2 + 13x + 30 = - 8, or - 252. 

K a; = ± i, 12x8 - 40x2 + 13 X + 30 = 0, or - 120. 

Hence, x — f , or 2 x — 3, is a divisor of the given quantity. Dividing it 
by 2x- 3, we get the quotient 6 x^ — 11 x— 10, whose factors are 2x— 6 
and3x + 2. Thus, 

12x8-40x2 + 13x4-30= (2x- 3)(2x - 5)(3x + 2). Ans. 
25. 12aj8-28a^ + 17aj-3. 

Note. For convenience of reference we complete the subject of factoring 
with an article on multinomials. The factoring of such quantities is not often 
called for, even quadrinomials to be factored appearing much less often than 
binomials and trinomials. If thought desirable § 82 can be omitted, and re- 
ferred to when needed. Only the last two exercises of § 85 are multinomials. 
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5. Multinomials* 

82. The Factoring of Multinomials. A great number of kinds o 
problems might be given, but only six classes will be considered 

I. Multinomials that are tlie difference of two squares, solved h\ 
converse of TJieorem III. See Ex. 1, below. 

II. Multinomials solved by placing seta of terms in parentheses 
and factoring these jmrentheses quantities, thus making apparent i 
compound factor. See Ex. 5. 

III. Mnltinoniials separable into two trinomial fa/ctors solved hi 
the trial method. See Ex. 8. 

IV. Multinomials that are the square of a polynomial^ solved 6j 
extracting the square root of the square terms, and squaring thi 
sum of the roots by Theorem VL See Ex. 12. 

V. Multinomials that are the power of a binomial, solved by ex- 
tracting the root of the first and last terms and raising the sum or 
difference of roots to power indicated using Newton's theorem, § 166. 

VI. Multinomials solved by the divisibility theorem. 

Factor the following multinomials : 

1. a'^2ab + b^'-€^-\-2cd-dr. 

Solution. (a^ + 2 a6 -}- ft^) - (c^ - 2 cd + (P). 

(a -I- 6)2 -(c -(f)*-*. 

(a + b + c~^d)(a+T> — c-d). (Theorem III.) 

{a + b -\-c — d)(a + 6 — c + d). 
Prove by actual multiplication. 

2. 4 m^ — 12 WW -I- 9 n* — p* - 4 /)g — 4 g*. 

3. (a-t-6 + c)2-(d-he-h//. 

4. (a2 -I- 6« - c« - cPf - [2(ab 4- cd)]«. 

Separate each of the fadors of Ex. 4 into two factors. 
6. 4:x'^'-'16xy-\'15f'-4:QDZ-^6l/z. 

Suggestion. Put firet three terms in a parenthrsis and last two in an- 
other, and next factor each parenthesis quantity ; then proceed as#in § 77, <. 

» See uuv<j at end ot p. 67. 
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6. aaj2 + cwj — 6 a -f aj2 4. 7 a? -I- 12. 

7. a2(& - c) + 62(c - a) 4- c-(a - b). 
SuGGESTioK. a^(b — c) — a{b^ — C) -\- hc{h — c). 

8. Gor^-lOaj^ + lSy'-lrTa^— 13y2;-202f«. 

Solution. 2x—^y A- bz 

8x — 6y — 4« 

- 8yg H- 12yg-20g« 

6«2_i9a;y+ 7a;2f+ 152/2- 13y2J- 20«a 

Exptu4NATiON. The trial method is used. Coefficients are used which 
will give 6 x^, 16 y*^, and — 20 z\ Tlien, the two factors chosen are multi- 
plied together. If the given polynomial results, the factors chosen are the 
ones sought ; if it is not obtained, other combinations of coefficients and signs 
must be tried. 

10. 2a2 4-6aa;-18a-f 4ic2-24aj-f 36. 

11. 2a*-4a6-4ac + 262-f 46c-h2c*. 

12. a24-962 4-25c2-6a64-10ac-306c. 

Solution. \/a} = a ; ViTP = 36; V25 c'^ = 5c. 
Then test (a - 3 6 + 5 c)2 by § 68. 

13. a* + 462 + 9c2 + 4rt6-6ac-126c. 

14. 16 a* - 96 a'b + 216 a^b^ - 216 ab^ + 81 b\ 

83. The Different Methods used in Factoring. 

1. Method of taking monomial out of polynomial. 

2. By use of a theorem, 

3. By trial, 

4. Method which takes monomials out of parentheses sets, 

5. Arranging as the difference of two squares and factoring, 

6. Method for powers of binomials or sqiiares of polynomials, 

7. Method which uses icisibility theorem. 
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m. OUTLUfS FOR FACTORING 
84. Oatline for Factoring with Tjrpe Forms. 

I. MoNOMiAi^ IN Polynomials. 

Take monomial factors out of all expressions ^r^. 
a6 + ac = a(b -f c) ; ax + 4x — ex = (a -f 4 — c)x. 

II. Binomials. 

1. Difference of two squares. 

a«-4« = (a-f4)(a-4). 

2. Difference of same powers. 

i|3-4«=(a-4)(a*-fa4-f4«). 
a*-.4* = (a -4)(a«4- a'4 4-a4* + 4»). 
fl«-4* = (a-4)(a*"fa'4 + a*4*-ffl4« + 4*). 

a. To get prime factors, factor first by Case 1, whenever it can be 
used to factor the given quantity or any of its factors. 

3. Sum of same odd powers. 

a»4.4« = (a-f 4)(a«-.a4-hA^ 

fl« + 4* = (a + 4)(fl*-a^4H-flV-fl4»-h4*). 



4. Binomials changed to qnadrinomialsy the difiference of 
two squares. 

a* + 44* = (a* + 4a*4*-h 4 40-40*42. 

= (ii*-f 2a4+2 42)(a*-2a4-f2 4*). 



III. Trinomials. 

1. Trinomial squares. 

a*-2a4-f42 = (a-4)*. 
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2. Trinomials factored by trial method, 

3. By changing trinomial to quadrinomial, 

4. By divisibility theorem, 

IV. QUADRINOMIALS. 

1. The product of two binomials. 

a6 H- ac -h M+cd— a{b + c) + d{b + c) 

= (a+</)(6^ c). 

2. The difference of two squares. 



= (a + ^ — «?)(« - 6 — c). 

3. 27ie cube of a binomial. 

a^-Si^b + Sab^-i' = {a-by. 

4. Divisibility theorem, 

V. Multinomials. 

1. Problems solved like 1 in quadrinomials. 

2. Difference of two sq^mres like 2 in quadrinomials. 

3. Solved by trial method like 2 in trinomials, 

4. Square of a polynomial. 

a' + *2"f c^ + 2a* + 2ac + 24c = (a + 4 -f c)^ 

5. Powers of binomials. 

6. By divisibility theorem. 
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85. Promiscuous £<ereli« in taeUning* — tn faotoHtig the follow- 
ing exercises, first set aside monomial faotors^ if any are present 
Then factor by one of the methods of either of the two preceding) 
articles. If difficulty is experienced, note under which class, 
whether a binomial, ttlnomial, etc., the given quantity belongs, 
and then look for a corresponding type of pl*oblem under the 
corresponding class, and follow the model solution for this type. 

Separate each quantity into its prime factors, and prove the 
answers right by a theorem of multiplication or by actnaJ multi- 
plication, if any doubt exists as to the correctness of the result. 

1. a*-25 6^ 2. a^-. 12 a + 36. 

3. 20 a^ar' - 45 aajy2. 4. Sar^ + Saj-f 4. 

5. 27w'*-8;>». 6. x" -^-^-^x-^l. 

7. //*-3^+2. 8. a;* - 13 ar^ + 36. 

9. 4f2-|_i_l4. 10. 6a.-^-7aa:2-20a*a?. 

11. a:*-7a^-18. 12. m*^ + 7m3-.8. 

13. 1 — a*. 14. mnpf{ -|- 2 -\-pq 4- 2 mn, 

15. irl^-irr^. 16. aj« -f ((f + 6) a; + a6. 

17. aj^«-y«. 18. 8a^-24a^ + 26. 

19. 8a2-2a-3. 20. 2 a;^ + a.-^ - 28. 

21. 8c2-Gcd-5d*. 22. 18 a^ + 33 ao?^ + 14 ay. 

23. |a5-f^a(J. 84. | rti + i 06' + 1 a6". 

25. ^wE^ — ^rt*» «6. hk-^ck^dk^ek. 

27. 20-9a;-20aj*. 28. wi^a; -h m> - w'a? — nV 

29. a;*-fx2-fl. 30. m^^ -f 16 ma;* — 12 ma^. 

31. 2am* + 2an«. 32. a? - QA oi? - ocf^ + ^, 

33. (a-\-hf-<?. 34. (a; - 2^)* - 14 (a? - j^) + 40. 

35. \ ird^ -\- \ irB^. 36. 2n7^^2irrh, 

-_ wty wtr ^^ ,. V ,/, V 

37. — ^ —' 38 a(a — c)— 6(6 — c). 
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41. 125 aH- 64 o^^ 42. 2 ad -a^- 6^ + 1. 

4a. iii?^^{y^zy^. 44. 21 a;« + 26 iK* -h 25. 

45. 2ma^-2m6^. 46. aj« — 6 0:^^(5 ^j- 1. 

47. 9ic'* + 5aj-h50. 48. 1 + (6 - a^) ir* — aftaj*. 

49. a^'^-a^-h--^!. 50. l-(ic-y)». 

51. a^^la^y'^y^ 52. a^ + 2/'+3a:^(a;4-y). 

53. ay-6V^-tt%*-f5«rfa^. 54. ar' + ic*-22a;-40. 
55. 6i»«-3a^-33a:-G. 56. a^--^^*. 

57. -4^-2^4-02-2^(7. 58. 6m^-3847t*. 

59. Sa^'\-(yay-9ay*-27f. 

GO, 125 0^* - 300 a:^* -f 240 a:*^ -- 64 a?". 

61. 4 a%* - 169 c^ 4- 6 aM + 39 cd. 

62. 4^2_9^.'(72_^3Qj5(72>-25Z>2. 

63. 2a2 4-6ac-18a-h4ar^-24a;-|-36. 

64. 2x'--xy-Sf-5yz^2z\ 

86. Prime Quantities. All the quantities given in the preced- 
ing articles were factorable, but quantities taken at random are 
more likely to be prime than composite. 

Thus, 3a^4-Ta;-f9, 3a? ^1 xy -9xz + ;^, 9a^-ll2/', etc., are 
all prime quantities in terms of rationals. We have seen that the 
sum of two squares is almost always prime. The expressions 
35* 4- ^ + y*> *^ -" icy 4- y'j are prime. 

It must be remembered, however, as already stated, if fractional 
exponents are allowed, some of these prime quantities may be 
factored. See Chapter YII on Fractional Exponent Quantities. 

IV. APPLICATIONS OF FACTORING 

87. Applications of Factoring. Factoring can be used in the 
solution of quadratic equations, in arithmetic, and in geometry. 
It is employed more or less throughout the study of algebra. 
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88. Application of Factoring in Arithmetic. 

1. If a is the amount, h the base, and r the rate in percentage, 
a=p-\-pr. Factor the right member and state the result in words. 

2. To make a rule for squaring any number increased by |^, let 
a = the number. 

Then, (a -h \f =a^.i^a'\-\, (By Theorem I.) 

= a (a 4- 1) -h i- (By factoring a out of first two 

terms.) 

Hence to square any number phis \j multiply the number by one 
more than itself and add J. 

Square by this rule the following : 6^, 11^, 25^, 100.5, 7.5. 

3. Calculate 2 • 3^ . 17 +2 • 3^ . 13-2 • 3* . 9. 
Suggestion. Take 2 • 3'^ out first. 

4. Calculate 2^ . 5^ . 7« -f 2 • 5^ . 7^ - 2^ . 5* • 71 

89. Factoring applied in Geometry. 

1. Derive the formula for the area of a triangle when the 

three sides are given. 

Given the triangle whose sides are a, 6, c, to 
find its area. 

Referring to result under Ex. 1, § 75, we 

have 

a2 = 62 _^ c2 — 2 cm, 

whence m — ^^ + c^ — g^ (By transposing both a^ and 2 cm, and then 

2 c * dividing botli sides of equation by 2 c.) 

To find the area of the triangle, we reason now as follows : The area of 
the triangle is evidently J cp. We know c, and we can find p by using the 
value of m just found as one side of the right triangle whose three sides are 
m, p, and ?>.. Thus, 

p2 = 52 __ ^n2 = 52 _ ^ 52 _|. c2 _ q2 \ 2 ^^^ substituting its value for m.) 

^ = (6 + ^^±1^) [h - ^^-|f^) . (Converge Th. HI.) 

2 ^ / 2&c+?>2_|.c2- a2 \ / 2 he ^ ?)2 - c2 4- a^\ ( Reducing mixed 

\ 2c J\ 2c /* quantities to improper 

fractions.) 
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!>' = ^^ — ■ r-^ — ^ X ^^ — -!- — ^ . ( ArraDging terms.) 

^ c ^ c 

cy _ (& + c 4- g) (6 + c - g) (o - ft + c) (g 4- ft - c) 
4 2 2 2 2 ' 

^§81, Exs. 8, 13 and multiplying both sides by -A 
Now let 8 = «i|+i; then »- g = ^±^ ; (By Sub. Ax.) 

2 2 

Then, ^ = «(« - g) (« - ft) (« - c). (^^ substituting in the preced- 
4 ing expression.) 

.-. ^ = V <g-g)(g-ft)C*-c) . (By extracting the square root of 
2 ' the two equals, Root Axiom.) 

But ^ is the area of the triangle sought. Therefore the right member 

is equal to the area of the triangle. Notice that we know s when the three 
sides are given, it being their half sum. The letter 8 is taken to denote the 
half sum instead of the sum itself, because the formula just found comes out 
without fractions by so doing, lliis formula for the area of a triangle is one 
of the most symmetrical and beautiful in the whole range of mathematics. 
Its deriyation, as we have just seen, is largely a matter of factoring. Exer- 
cise in the use of this formula will be given later. 



90. Applicatioii of Factoring to the Solution of Quadratic Equa- 
tions. The degree of an integral equation equals the exponent of 
the highest power of its unknown quantity. Simple equations 
are those of the first degree, and quadratic equations are of the 
second degree (§ 18). 

1. Solve the equation a?^ — 4 a? = 32 and verify. 

Solution 
as^ — 4 X ~ 32 = 0. (Right member made by transposing 32, 

by Sub. Ax.) 
(x — 8)(x -f 4) = 0. (Factoring left member.) 

X — 8 = 0, x -f 4 = 0. (Setting each factor equal to zero.) 

.•. X = 8, An8, X = — 4, An8. (Transposing known terms to right members. 

Sub. Ax.) 

Verificatiow. '»» - 4 X 8=32. ( - 4)"^ - 4(- 4) = 32. 
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Solve the following and verify both roots : 

2. aj2^ea; = 27. 

3. 3a^-f 2a;-85 = 0. 

4. 5aj*-10a; = a^-170«-700. 

6. Find three consecutive numbers such that the sum of theii 
squares shall be 434. 

7. The perimeter of a rectangular lot is 90 ft. and its area 
450 sq. ft. Find its dimensions. 

8. A rectangular garden is 12 rods longer than wide and con- 
tains 1 acre. Find its dimensions. 

91. Solution of Quadratics by Completing the Square. 

1. Solve 0^ -h 6 X — 50 = 0, by completing the square. 

Solution 

ac^ + 6 a; = 50. (Sub. Ax., known quantity to rigbt member.) 

6 05 -f- 2 v/^ = 3 ; 3^ = 9. (See explanation below.) 

a;2 4. 6 a: + 9 = 59. (Add. Ax., adding 9 to both sides.) 

X 4- 3 = V5i>. (Root Ax., extracting square roots of equals.) 

X = V59 - 3. (Sub. Ax.) 

Explanation. This problem cannot be solved by the factoring method. 
Hence we turn to the method by completing the square. 

By transposing the known terra to the rigl^t member, we have remaining 
on the left side a binomial. This cannot be a square, since the square ot a 
monomial is a monomial, and the square of a binomial is a trinomiaL We 
must change the left member into a trinomial square by adding the proper 
term. 

Let us consider that our problem is like having a^ -^^ab of a^ -\-2ab-\-h- 
given, to find b^. To get ft- we divide the second term 2ab hj twice the 
square root of a^, and square the quotient. 

2. i«2 + 12a;-40 = 0. 3. 4 a:^ _ ^^2 a? = 39. 

a. By means of the completing the square process prime quantities can 
be separated into factors containing radicals, as will be made clear in a latei 
chapter. 
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nGHEST COMMON FACTOR — LOWEST COMMON MULTI- 
PLE — FRACTIONS 

L HIGHEST COMMON FACTOR 

92. A common factor of two or more quantities is a factor that 
kppears in each of them. The highest common factor (h. c. f.) of 
iwo or more quantities is the product of all the prime factors 
common to each. 

93. Finding Highest Common Factors by Factoring. 

I. Find the highest common factor of 6 a^6, 9 a\ and 24 a^W. 

Solution. By inspection we see that 3 a^h is the h. c. f., since any quan- 
ity with a greater coefficient or higher exponents would not be contained in 
;ach, as 6 a*&^. The quantities ah and 3 a&, though common factors, are not 
he highest, a^ being higher than a. 

2. 6 ajy^, 8 0^, 12 a^. 3. 9 m^n, 12mn\ 15 mhi"^. 

4. 7 a^h\ 21 a35^ 14 a^h\ 6. 8 a^ft^ 12 a*"^^-, 15 oTh^. 

6. o^-f,a?-f,a?-lxy-\-%'if. 

Solution. x^—y'^={x-\- y) (x— y), 

3fi-y^=(x- y){x^ + xy + y2). 
a^ - 7 xy + 6 y« = (a; - 6 y) (a; - y) . 
h. c. f . = a; — y. Ans, 

7. a^-2aj-.3, a:*-f-a?-12, ic2_^_g^ 

8. 2a»-2a6V4&(a-h«>)^. 

9. (^31? — (P, acx^ — hex -f adx — bd, 

10. 2aj2-9aj-h4, 2i»*-lla;4-5, 2a^-h3a?-2, 

II. 8a^i-l, 16a*-h4a2 + l. 

67 
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* 94. Finding Highest Common Factors by Continued Division. T 

explain this process two simple principles are needed : 

A. A divisor of a quantity is a divisor of any number of time, 
that quantity. 

Thus, if 6 is contained in 18, it is contained in any integra 
number of times 18; if 3 a is contained in 9 a^ it is contained in 
3 6 X 9 a*, or 27 a%, 

B. A divisor of each of two quantities is a divisor of their siin 
or difference. 

Thus, if 6 is contained in 66 and in 42 it is contained in theii 
sum, 108, or in their difference, 24. It is evidently contained in 
their sum or difference the sum or difference of the numbers ol 
times it is contained in each. 

1. Find the greatest common divisor of 258 and 731 by coiiJ 
tinned division, and justify the process. 

Explanation op Process. 731 is divided by 258, 

Solution which is contained twice with a remainder, 215 

258)731(2 Then the divisor, 258, is divided by the remainder 

516 and so on, the divisor each time becoming the new 

215)258(1 dividend, and the remainder becoming the divisor. 

215 The first divisor which is exactly contained in it« 

~43)215(5 dividend is the h. c. f. sought. 

215 Justification op Process. (1) Is any divisor of 

258 a divisor of 516 ? By which principle ? Is any 

common divisor of 731 and 516 a divisor of 215 ? By which principle ? Does 

it follow then that any common divisor of 258 and 731 must be contained in 

215? 

(2) Again, is any common divisor of 216 and 616 a divisor of 731 ? Ty 
which principle ? Does it follow then that any common divisor of 215 aijd 
258 is contained in 731 ? Why ? 

jWould it be allowable, then, to drop 731 entirely, and proceed with 215 
and 258 ? Also, in turn, to drop the second dividend 258 for the same reason ? 

(3) Was it shown at first that the h. c. f . of 258 and 731 could not Ik 
greater than 215 ? Then might it be shown in the same way that it cooW 
not be greater than 43 ? 

•This topic can be omitted if desired, as few problems depend on it, and that 
they depend on it will be indicated in the text. 
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(4) Is 43 contained in 215 ? In 268, the sum of 215 and 43 ? By what 
principle ? Is 43 contained in 516 ? By what principle ? In 731 ? By 
«rhat principle? 

Thus, it is shown that the h. c. f. cannot be greater than 43, and that 43 
8 contained exactly in 258 and 731. Hence 43 U the h. c. f. sought. 

Find the h. p. f. in the following by continued division : 

2. 2945 and 3441. 3. 2948 and 8576. 4. 1911 and 1617. 

5. 3094,4420,2652,4662. 

Suggestion. Find h. c. f. of first two ; then find h. c. f. of result and third 
lumber ; then find h. c. f . of last result and fourth number. 

6. Plan to shorten process. In practice the process just ex- 
>laiiied can be materially shortened by removing factors from the 
irst remainder which are evidently not common to it and either 
)f the given numbers. 

For example, in the solution to Ex. 1, the first remainder, 215, 
evidently contains the factor 5 while 258 does not. Hence 5 
jan be taken out of 215 and disregarded. Thus 43, instead of 
J15, becomes the divisor of 258, and is found immediately to be 
ihe h. c. f . 

Again, in Ex. 2, the first remainder is 496, which contains the 
■actor 2*. But 2945 does not contain 2. Hence the factor 16 
jan be taken out of 496, leaving 31, which is then found to be 
;he h. c. f. by dividing 2945 by it. 

7. Sasy way to reduce a fraction having large terms to its 
owest terms. 

Since a fraction is evidently reduced to its lowest terms by 
lividing numerator and denominator by the h. c. f., we have this 
3ractical rule for reducing a proper fraction to its lowest terms : 

Multiply the numerator by a number whicfi ic 'II mdJce the product 
ipproach nearest to the denominator and find the difference between 
his product and the denominator. Use the remainder to find divisors 
if both numerator and denominator, 

Reduce the following fractions to their lowest terms, or show 
ihat any fraction is already in its lowest terms : 
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8 m. Solution. 269 x 2 - 481 = 37. ^^^ ^ ^^ = -^. Ans. 

^' 4^' 481^87 13 

Q6 3 6 1042 5 n 619 to 175 

13. Find the h.cf. oi a^-6x-^S and 4 ar^ -^ 21 aj^ 4. 15 aj -f 2(] 

Solution. 4a:« — 21a^ + 15a; + 20 | a^ — 6j;-f-8 
4r^-24a;2 + 82g | 4a; + 3 

3x2-17x4-20 
3y3-1 8x + 24 
u4?i«. h.c.f. = xj-4J x^ - 6x + 8 | x>-2 

x2.^4x 
-2x + 8 
~2x + 8 

14. Findh.c.f. of 2ar*+ lla;-|-5 and 2a^ + 9ajH- 4. 

16. Find h.c.f. of 6 ar' - 7 aa^ - 20 a^a; and 3 a^ 4- 7 oa? 4- 4 a». 
Solution. 6 x^ - 7 «x2 — 20 rt^ | 3x* 4- 7«x 4- 4q^ 



6x^ -I- 14 ax^ 4- 8«"^aJ 2x - 7 a 



-2lax2-28a-^x 

-21 0x2-40 a^x-- 28 a» 



7a2 21 0=^x4- 28 a» 



3x2 4. 7 ox 4- 4 a-* [ 3x4- 4 a h. c £. ^iw. 
3 x2 4- 4 rtx X 4- a 



3 ax 4- 4 a'^ 
3 ox 4- 4 a2 

Explanation. Here we take out the factor 7 o' from the rpmainder an 
discard it because 7 a^ is not a factor of oue of tlie j^.ivcii (juantities, just i 
6 could be discarded in Ex. 1. The old divisor is then divided by the otbei 
factor 3 X 4- 4 a, which is found to be the h. c. f. 

16- 6ar^-25aj-hl4 and 2aj2-15aj4-28, 

17. a^4-7a^ — a; — 7 and ar' 4- ^ «* — ac — 5. 

18. 7a^4-25aj-12 and 17a^4-67aj-4 

19. 2ar*-7ar*4-5ic* and a^4-3aj*-4a;. 

Suggestion. First remove monomials from each quantity, reserving tin 
common factor x as a factor of the h. c. f., the other factor being found Ipj 
continued division. 

20. Gaj*-a;3_3^2_4^_4 ^^^ 8a?*-.2««-19a^-f 3»^ia 
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n. LOWEST COMMON MULTIPLE 

95. A common multiple of two or more integral quantities is an 
integral quantity that is exactly divisible by each of them. The 
lowest common multiple (1. c. m.) of two or more integral quantities 
is that quantity of smallest coefficient and lowest degree which is 
exactly divisible by each of them. 

For example, a common multiple of 2 m, 3m?j, 6mw^ and 9n' is 
36m*H^ while their 1. c. m. is lSmn\ 

Find the 1. c. m. in the following and test each result to see if it 
contains each of the quautities and is of the lowest degree possible : 

• 1. 4 a*, 6 a% 8 ab^ Am, 24 aV. 

2. 3 m, 2n, 5m\ 4rn\ 3. 3a*6c, 27a'^>V, ^a1/c, 

4. 53 a^6», 84 6a^, 48 a?y. 5. a*- IG, a^- 2a-8. 

6. a^ -h a% a^ -ab,a?- h\ 7. 2 alrM, 3 a^ht-x^, 11 a^hcx. 

8. 60, 120, 48, 36. 

SoLUTioy. Anything that will contain 120 will contain 60. 
120 = 28 X 3 X 5 

48 = 2^ X 3 Notice the highest power only of 

30 = 2^ X 3* each factor is taken for the 1. c. in. 

L.C.M. = 2* X 3^ X 6=720. Ana. 

9. 54, 81, 24, 27. 10. 40, 72, 96, 128. 

11. aj* — 42^, x2-|-4aj^ + 4y^. 12. a^-j-Saj, a;- + 3a;-f2. 

13. Make a rule for finding lowest common multiple. 

14. aj*-|-5a;4-6, y^^(Sx^%, 15. a:^yX — yy,y^(x^ — 'f), 

16. 3ar^-10a;^4-3y-, 3if2-4a;7/4 2/-. 

17. a^ - 1, ar' + ar^ -h a; -h 1, ar*^ - ar* + a; - 1. 

18. 6a;'-13ai+6,6a^ + 5a;-6, 90^-4, 

19. 3aj» + 3Ga?'' + 35aj2, 6aJ-4-38a?~28, 27 ar* -f 27 ajV 30 ar. 

20. a-x^ -\- a^xy - abx^ - abxfjy x^y -\-2 y^f -{-xtf, Sa^b-GaV 

+ 3 ab\ 

a. In some problems it is necessary to find the hip^hest common factor by 
continued division. It is then easy to write down the lowest common 
multiple. 

COL. 2d c. — 6 



72 FRACTIONS 



in. FRACTIONS 

96. A fraction in algebra is an expressed division. The numer 
aior is the dividend and the denominator is the divisor. 

97. Reduction of Fractions. By reduction in arithmetic and 
algebra is meant changing the form of a quantity without altering 
its value. 

98. Fundamental Principle in Fractions. Both terms of a fraction 
may he mtdtiplied or divided by the same quantity without aUering 
its valii£. 

Proof. Let - = any fraction, r = its value, and m = any number. 
b 

Then, a = br, (Since the dividend equals the quotient x divisor, §46.) 

also, ma = mbr. (By the multiplication Axiom, § 57.) 

or, ma = r • mb, (By the commutative and associative laws of multi- 

plication, § 30.) 

Therefore, — = r. (By the Division Axiom, dividing through by mb.) 

mb 

Or, — - = -. (Numbers equal to same number are ecjual to each 

'^^ ^ other. Axioms, §57.) 

It should be observed that since a and b may represent any 
numbers whatever, whether integral, fractional, ordinary irra- 
tional, as V3, or other, we assume they have a definite quotient, 
and assign r to take the place of this quotient. When we mul- 
tiply through by m, we assume that the multiplication axiom 
holds true for all values of m and the quantities into which it is 
multiplied. 

99. Exercise in reducing Fractions to their Lowest Terms. Fac- 
tor both numerator and denominator, and cancel common factors 
by the principle just given. 

Reduce the following fractions to their lowest terms : 

- xYz" \2u''b^ 4 a?- 16 ^ x'-a^^ 

a^fz^ 15aV or^-lG x'-a"" 
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6. • 6. • 7. • 8. • 

ar*-2a;--3 2xy-{-2y a"+i aHa~12 

In some problems it is an advantage to use the continued division method 
to find the factor by which to divide both terms. 

^ ar^- 9 3^4-20 0;-. 24 ,^ 6a^-f 13.^2+ ina;-25 

ar'^^lOar^-l-aiaj-SO 2a^-h4iB* + 4aj-10 

100. Allowable Changes in the Signs of a Fraction. There are 
three signs connected with every fraction ; that of the numerator, 
that of the denominator, and that of the quotient, which stands 
l>efore the fraction and is called the sign of the fraction. 

Using a and b as heretofore to denote any quantities, whether 
monomials or polynomials, we have 



-f 



(±|)-(5|)=-(^)=-(^) 



since each of these expressions has the value ^. To understand 

b 

clearly why this is so one must remember that like signs in divi- 
dend and divisor give a positive quotient and unlike signs give a 
negative quotient, and that a — sign before a parenthesis changes 
the sign of the quantity within when the parenthesis is removed, 
and that a + sign does not. 

since each of these expressions is equal to — ^ . 

b 

By examining the preceding results we learn that : 

Changing any two of the signs of a fraction does not alter its value, 
while changing one or all three changes the value of the fraction. 

The student will do well, in changing the sign of the numerator 
or denominator when they are polynomials, to multiply by — 1. 

The pupil may now explain the following changes: 

1 —a'\-b-\-ca — b — c ^ Sy— x __ x — Sy 
d d ' m + n rn + n 
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a. Notice that a — 6 — c = — lx(6-hc — a). If two polynomials ha?^ 
the same terms but each term with the opposite sign, one polynomial is th^ 
negative of the other. Thus — (3 y — x) =x — Sy, 

Q a-^b — c a-\-b — c^ c _ 



c — b b — c^ d—e+f e — d--f 

— p-q p-\-q^ y-\-z-x "" x — y — z 

101. Signs of Factors of Numerator or Denominator Changed. 
The signs of an even, number of the factors of the numerator 
or denominator can be changed without altering the value of the 
fraction, while changing the signs of an odd number of such 
factors changes the sign of the fraction. This is because an 
even number of — 1 factors multiplied or divided gives + 1, 
while an odd number gives — 1. 

The student may explain the following : 

- ctJbc abc , m _ __ m ^ 

(a — 6)(c — 6) (a — b)(b — cy n — m w — n 

2 (y - x)(n -m) ^ (x-' y)(m - n) , 
(6-a)(d~c) (a-6)(c-d)' 
(n - m)(q - p) ^ (m - n)(p-^q) 
d — c (c — d) 

The student should notice carefully the difference between a 
term of the numerator or denominator and a factor of either. 
Let him define each word. A term can be removed (destroyed) 
only by addition or subtraction ; a factor can be removed (can- 
celed) only by division of both numeratoi* and denominator by the 
same quantity. 

102. A mixed quantity is composed of an integral quantity and 
a fraction. In algebra the sign + or — always appears between 
the integral quantity and the fraction, since otherwise the opera- 
tion of multiplication would be indicated (§ 4). Hence, in alge- 
bra, reduction of a mixed quantity to an improper fraction is 
merely a caae in additior^ pf fractioue. 
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108. Addition and Sabtfaetien of Fraetioao. 

Type form: ?i* = ?-±i. 

e c 

3. -±-.-. ^-^^-^^ ^3. Check with ar = 2. 
x-\-l ar — 1 

Solution. L. c.d. (lowest common denominator) is x^— 1. The de- 
lominator of the integral quantity, 3, is 1 understood. 

(By dividing Led. by the denomi- 

c(x — 1) x^ — S X -\- 2 S(x^ — 1) nator of each fraction, and then 

ac'-^ — 1 x^ — 1 x^ — 1 multiplying both terms by the 

quotient, § 98.) 

,2 _ ^ _ (^2 ^ 3 ^ + 2) + 3 x^ - 3 ^^^ indicating the addition of thenu- 

^ ^-— j — ^ nierators and placing the sum over 

the common denominator, § 36.) 

?j-3-f2x-6 ^ (3x + 5)(x-l) ^ 3x + 5 ^ ^ 
x^ — l x^ - 1 X + I ' ***' 

(Simplifying and reducing to lowest terms.) 
Check. Let x = 2. 

Given quantity = — ^ x^-Hx + 2 ^ 3 ^ 2 _ 4 - 6 -f 2 + 3 = 3|. 

x+l x-*-l 3 4-1 ^ 

Answer =^^±^ = 'i2lA±i = 3i. 

x+1 2+X * 

a. In checking, values which make any denominator must be avoided. 
Thus, X = 1 could not have been used in preceding problem. 

4. — ! 1 h-i ^- 6. m -^ \-n, 

„ ^ 2 3 Suggestion. Change lafct fraction to 

a** — 4 

- ^ , r a* — 2a6 4-^ o aj'-Haaj + a* a?* — a.«-|-a* 

a + 6 oj*— a^ aj^-fa'* 

2 1 



^' aj2-3a; + 2'^ar^-ar-2 aj»-l 
10. _^^,J^-h ' 



a — 6 6— c c— d 
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104. Reduction of Improper Fractions to Mixed or Integral Qoaii 
tities. An improper fraction in algebra is one that can be reduce( 
to a mixed or integral quantity. A proper fraction is one that can 
not be so reduced. To reduce an improper fraction to a whole oi 
mixed quantity, divide the numerator by the denominator, eithei 
by short or long division, and add the remainder, if any, over th( 
divisor to the integral quotient. 

1. • Ans. X-] • 2. — • 

a + x a-{-x x — 3 

„ 4a^ — 2ic . cv^x — Saa^ 

3. • 4. -• 

2ar* — aj + l a^ — ax^ 

105. Multiplication and Division of Fractions. 

Type forms: tX^ = i-;; — -5-- = — X - = - -• 

'^^ b a ba n q n p np 

- (j?x — ^ a -h 11 



a*-.121 2ax-2;^ 

Solution. ^C^+^^^-^ x ^^^^ = ^^^ > AnB. 
Check. Let a = 2, x = 1. 

Then, given quantity = —^ ^^^~h 

also, answer = — — = — - • 

— 18 o 

g' — 121 a4-2 « a 4- a? a — x a* + a^ 

tt^ — 4 a + 11 cb X or — V 

. a^x — af^ w 3a cc — 3 a^4-2a;4- 1 

a 2aa;-2ic2' * a-f 1 a^-27 

g 2a^-2a&» , g^-^ 8g^^>V 5gW 3^ 

g + 26 *2g-f46* * 15cy ^ 6aY 4aV 

8 45 da; — 9 d?/ , 3Qa;--6y 
20 gfta; - 10 6-a; * 20 g-x - 5 i/^aj * 

^ ar^ + 5a; + 6 . a;g-9 

ar^-l ' ic--2a;-3' 
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' \y «/ * \? y ^J 

Suggestion. In all such problems reduce both dividend and divisor to 
simple fractions by § 103. 

13 r a;--64 a^ + 12 a? - 64" ] , a;^ - 16 a; + 64 

Laj2 4- 24 a? + 128 aj8-.64 J * aj2 + 4a;-f 16 ' 

,^ [a^^^a%^Zdb^-}/ ^ah-^W\ a? ^ ab 

14. . 1 . 






2-62 4 J 2«-26 

106. Complex Fractions. A complex fraction is a fraction that 
iias a fraction in one or both of its terms. It is essentially 
i problem in division of fractions, and is simplified by dividing 
:he numerator by the denominator. 

3c^ g + a; 

21cy^ « 46. 2a; 

2. t:— 3. 





'6cy 




1. 


5d^x 

5b 

1 OQcy 


Ans. 


A 


X-1 + 


6 

a;— 6 


TK* 


a;-2 + 


3 



25 ah 3a y — a 

76* X 

a;g~7a;H-12 
. Sm a;-6 _ (a^3)(a;-4) a; --6 

a;2-8a; + 16 ~ x-^ (a;-3)(a;-6) 

a;-6 «-« ^ . 

= • A^is, 

x—o 

Check. Let oc = 7. Then given fraction = ^^ ; also, answer = |. 
a, A good plan to simplify many complex fractions is to multiply both 
erms by the 1. c. d. of the denominators. 

Thus, both terms of Ex. 4 could have been multiplied by a; — 6, which 

^ould have given ^ ~ "*" — directly. 

, 2aj 1.4,4 

^ a: — 3 ^ a* ar ar 

5. . 6. , 

2x ^ , 5 , 6 

a; — 3 X of 
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107. Powers of Fractions. To raise a fraction to a power, both 
of its terms, of course, are raised to this power. 

108. Some Common £rit>rs in Work with Fractions. Certain 
errors are made so often and by so many students that it is 
desirable to describe them and caution against them. Checking 
serves to find such errors. 

1. Never cancel single terms in the numerator and denomi- 
nator of a frEtction when either is a polynomial. Only factors of 
the whole numerator or whole denominator can be canceled by 
the fundamental principle (§ 98). Hence, to simplify a simple 
fraction, cancel factors in both numerator and denominator. 

2. In subtraction of fractions, and later in equations, when a 
fraction is preceded by — , students very often forget to change 
the signs of all the terms of the numerator In simplifying. 
Because of the danger of forgetting, the use of parentheses is 
advised for all who are not expert in performing this operation. 
Thus, 

a c — (f _ a — (c — c?) _ a — c4-d 
b b ~^ b "" b 

3. To change the signs of both numerator and denominator, 
the signs of all the terms of each must be changed. 

Thus, f ^"^ = ^^ - ^ J^ . This amounts to multiplying. both 
' 3p-2q 2q-^Sp ^^ ^ 

terms by - 1, by § 98. See § 100. 

4. To multiply a fraction by an integral quantity, multiply the 
numerator by the integral quantity and place result over the de- 
nominator. Do not multiply both terms by the integral quantity, 
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since by the fundamental principle this wiL leave the multipli- 
cand unaltered. There is touch less liability of mistakes if 1 is 
written for the denominator of integral quantities in all four of 
the fundamental operations in fractions. 

5. In division of fractions both dividend and divisor must be 
either simple fractions or integral quantities. If tliey are not 
such, they must be reduced by performing the operations indi- 
cated. (See § 105, 10.) 

6. In addition of fractions, after the several fractions are re- 
duced to a common denominator and the numerators are added, 
the sum must be placed over the common denominator. Students 
are particularly likely to forget this when coming back to frac- 
tions after studying equations. In the solution of equations, 
denominators are dropped, the multiplication axiom having been 
used to make them disappear. 



109. T3rpe Forms in 


Fractions. 






1 ^^^^. 
' b mb 


2 fl| *_«-!-* 

C C G 


• 


off *_ a — b 

G G G 


4. « + * = *«' + *. 

C Q 


K _ b ac — i 
o. a = 

G G 


b 

— • 


ti a ,G ad ±bG 
^•4*rf= bd 


a 

b a e 

10. — = T^.T = 
c b 1 


'i^'i-Z- 


• 


Q a G ad 
^- id- be' 


'£■ »• 


a 
J 


a b aG 


a 


• 


6 




12 *=?.^- 
c b ' d 


a d ad 
~ b g'^ be 






d 








110. Miscellaneous Exercise in Fractions. 


See § 108 for point 


to be kept in mind. 








Simplify the following: 






^ mx — nx 


2. a-f-a;- 


4 


ax — 5a^ 


(a -f b)(m — 7i) 


a — x 
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FRACTIONS 



3. 



5. 



Qc ^ — Bx 4-6 
4a2-l * 2a + l 



7. 1- 



07 



ah 



9. (1 - (?2) ^ (Izr^l 



11. 



a?2 



13. 



ax — a? 



(a -h a;)* a^ — a^ 

a + 6 , a — 6 

— - -\ 

c 4 d c — d 
g -f- /> g — ?^ 
c — d c-\-d 



15. ^ "•■— ^ X ^-^ 






19. - ^X 



• ««-« 



«^ 



m--2RTW 



21. 



1 + 



^ + 1 
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4. 



6. 



4- 



D^2 ' (D-2y 

S — x __ 34- g; _ 1 — 16a; 
l-'Ax l-{-3x 9x^-1 

3 2a;-3 



8. ?- 



10. 



X 2aj-l 4a;2_i 
113 



H-1 E + 2 {B-h2y 



14. 



a4-a? g — a; 

g — 05 g4-a5 

g 4- a; g — a; 

g — aj a'\~x 



16. /'^-?4.lY^-|-?4.lY 
\g^ g /\«* « / 



18. 



20. 



22. 



X — 6 



a; -3 a;-4 (a:-2)(a?-5) 



2a 



f 



g*4-a^4-l g^-a-fl a24-a4l 



23. ^4af + i4aj-h 2x-7 )[6 12 ar^ + 18 a; 4- 27 



> 



24. 



25. 



Aaia^-x")^ 
3b(c^ - x") ' 

2a 



2 



x — a 



rr-7.4- 



(aj-2((y'* a:2-5g.» + (>rf2 aj-3g 

26 1^-1 -M ? 

• />V«-'' g4-2V n^-\-ab-2b^ 

^^ r 3*^ " ^'* w*'* 4- ^tf~l ar* — a^a;^ 

L_ar* — 2 g.c 4- g^ * a; — g a^ 4- g^ 



CHAPTER IV 

GRAPHS— RATIO AND PROPORTION— FUNCTIONALITY 

I. GRAPHS 

111. Graph Paper. Unit of Measure. Graph paper is paper 
ery accurately niled into little squares or pai*allelograms. Most 
raph paper has the centimeter (0.4 in. neai-ly) as the unit of 
measure, and divides each square centimeter into twenty-five 
ittle squares. Since 10 mm. make 1 cm., one side of the little 
quare is thus 2 ram. in length. 

112. Location of Places by reference to Standard Lines. In 

raphs the position of a point is located very much as street 
orners or section corners usually are, as so many blocks or 
ections north or south, and so many blocks or sections east or 
'-est of two streets or roads passing through a central square of 
town. 

113. Axes. Two centimeter lines on the graph paper are made 
eavier than the others and designated as the axes ; the horizontal 
ne as the X axis, and the vertical one as the Y axis. The point 
'here these axes cross is called the origin. Other points are 
)cated by saying they are so many units (centimeters or milli- 
ieters)'to the right or left of the Faxis, and so many units above 
r below the X axis. On the graph diagram distances measured 
) the right from the Faxis are positive, and those to the left are 
egative ; those measured upward from the X axis are positive, 
nd those downward are negative. 

114. Location of Points. The distance to the right or left from 
le axis o ^ Ft^ ^ point ^? ^^llAri its abscissa, or x distance; the 
istance fro m the X axis to the point is called its ordinate, or y 
istance. The absciss a and ordinate of a point taken together 
re called the coo rdinates of the point. 
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1. Iq the figure, the abscissa of P, is + 2 and tlie ordinate + 1 
the coordinates of P, are x= —2,ri^3; the coordinates of P, art 
x= -3, y = ~lA; ol 
P,areir=1.8,y=-1.6; 
of Pf are » = 1.4. 
y = 0; of P«aiea: = 0, 
y = — 1.6. For the 
. ritles-foi' signs used see 
the preceding article. 

2, Write the cobr. 
dilutes of the points 
located hy tlie letters 
a, b, c, d, e, f, g, h, i, on 
the diagram. 

S. On a pieoa of 
squared paper dr»w 

■ J ./ fy^'-M, two heavy lines oyer 

two centimeteir lines for axes ^in tlie diagram just given. No* 
locate the following points each b; a dot on the diagram, writing 
a beside the dot of the first point located, b beside the second, 
and so on. 

a. (ar = 3,y = l). 6. (»; = + 3, i,= +3). 

C. {x = -2,y = \). d. (x l,y = 2). 

«. (x='M,y=-l.G). f. (x = - 1.2,1/ =-1.8). 

g. (x = -, 6,1/ = 2.2). k. {x = 0,y = -2A). 

i. (x = -5,ii = 0). j. lx = -4.1,}f= — l.C). 

4. Make another diagram with axes and locate the following 
points, understanding that the first number inside the parenthesil' 
gives the value of ^or Uie abscissa, and the geacmd number the 
value of j( or the ordijiftte- 

o. (2, 2). 6. (2, 6). c. ( - 3, 4.6). 

d. (-2,-4.8). e. (-3,7.4). /. (-3,-8.1). , 

g. (-4.9,0). h. (7.3,-2.6). t. (0,0). 

j. (0,-6.5). k. (12,-14). I. (6.5,0). 
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115. OrAphs. If a series of points is ^* plotted " (that is, located 
md marked on a diagram), representing values of a quantity y 
^bat changes as another quantity x changes, and these points are 
joined by a running line, this line is called the graph of the law 
)r data that determined the points. 

In § 60 a number of graphs were constructed from statistical 
lata. Such data can come from a great variety of sources. Thus, 
vriters on history and economics use graphs to show to the eye 
luickly the changes in population, expenditures, and production, 
kjientists use them to show the laws of nature, engineers to show 
he working of machinery, and business houses to show the 
hanges in prices, cost of production, sales, etc, In short, graphs 
lave a wide range of uses, and the student should learn to con- 
tract and read them readily. In science and engineering graphs 
•re often constructed mechanically, as by the thermograph, baro- 
Taph, anemograph, etc. 

1. Statistical Graph. The table gives the number of survivors 
t different ages out of 100,000 particular persons alive at age ten : 



A4iR 


Survivors 


Agb 


Survivors 


AOB 


Survivors 


10 


100,000 


40 


78,106 


70 


38,569 


16 


96,285 


45 


74,173 


75 


26,237 


20 


92,637 


50 


69,804 


80 


14,474 


25 


89,032 


55 


64,563 


85 


5,485 


30 


85,441 


60 


57,917 . 


90 


847 


36 


81,822 


65 


49,341 


95 


3 



tiet 1 cm. on Faxis represent 10,000 i>er8ons, and 1 cm. on X 
xis ten years. Then co5rdinat^8 of first point are x = 1,y = 10. 

2. Graph of an Equation. In the equation, y = 3a; + 6, we 
3e !ihat y is a function of x, that is, depends on x for its value. 
.s X changes in value, y also changes correspondingly. 

We see that for every value we assign to x there will be a corre- 
ponding value for y. Such sets of corresponding values of x and 

can be taken for the coordinates of points. If these points are 
Dimected with a running line, we have a graph. Evidently any 
cjuation, asy = a;-'-|-4a;— 6, will have a graph to correspond to it. 
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116. Graphs of Simple Equations or Bquatlona of the First Degre< 

(§ 90). 
1. Conatriifit the graph of the equation 3ir— 4y=:12. 



(». rt 


P,. 


(0, - 8) 




(1.-2.2.-,) 


I, 


(2, - 1.6) 


c 


(S, - .76) 


<l 


(4,0) 


r 


(5, .76) 


1 


(-2,-4.5) 


9 



liow the values in 
tli« table are fonnri. 
If K = in the given equatiun, dz — 4y= 12, the equation reduces !<' 
— 4y = ]2, whence y = — 3, as given in tlie table opposite a. If a:t = 1. 
82—4^=12 becomes 3 — 4^ = 12, whence, transposing 3, — 4y = 0. 
whence,^ =~ 2.25, which is given opposite A ; and iu the same manm^r tW 
other values of y are found. We Bimply (otc^^aiit^onvenient values fori 
and fliiii the corresponding values oLa, and write the pairs of eorresponding 
values in parentiieses for the coordinates of points. 

Having found the coordinates of a series of points, a, 6, c, d, c, /, g, we 
now locate these points on a diagram. The point a, whose ooSrdinates are 
(0, — 3), Is located first by a dot with the letter a beside it ; then the point i- 
is located in the same way ; and ho on. Last of all a line is drawn tlirough 



The student may now construct in the same way the graphs of 
the following equations. He »3an let x= 0, 1, 2, 3, 4, 5, — 2 as in 
the preceding example. 

2. Zx-2ii = r,. 3. 33! + 6i/ = 15. 4. 2x-7y=—X2. 

5. TTie-gmt^-af- -a. simple equaliov, or an ef fuaiion of the, fir ai 
d^ee, wiU bejouud to he always a straight line, as in Ex, 1—4, 
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This being the caae, ajnce. two TKiinta determine a Bttaight Ijtis . 
; will be necessary to legate on ly two pnint.s t;n lo cate thfi- ^'raph 
Li tlie diagram . Now the easiest pair of coordinates to obtain are 
'lose found by first putting x = 0, and getting the corresponding 
alue of y, and then putting ^ = 0, and getting the correstxniding 
ajue of X. 

To_^iect.thB. correctaeas of the location of the graph, it is 
esirable to Ineate-a. third 4)oiiit near the margin of the sheet, 

ow, whenever the two points first located fall close together, a 
ight inaccuracy in plotting either of theiu will throw the ex- 
■emities of the graph very considerably out of the correct posi- 
on. In such instances the graph shoiild Jie constructed by 
•ining the marginal point to the more remote of the fij-st two. 
he other point is then used only as a check. Calculate decimals 
iually to tenths only. 

6. Construct the graph of 10 a; + 15 ^ = ~ (J. 
10x + 15y= -6 



(Af) 


Pt. 


(0, -.4) 
C- 0, 0) 

(3, ~a.4) 


p 



Here, lieoiUiie m und n are close 
;ether, we join n and p to get tlie 
iph, and check wilh in. 

Construct the graphs of the following equations, follo' 
tdel just given : 

7. 5x + 3y = -l0. 8. -2x + r>y = 12. 

9. 6x~7y = l. 10. 25a; + 7^ = 29. 

11. 6x + 5y = lG. 12. 35x + 17'j=-ii 



can li a ve n lis value. Ijocato Uvo pniiits. The graph la 
s parallel to the Y aiis, 6 iniila to right of l"!"*. 
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«. . = -3. IS. 1-1 = 4.5. ... S±?l!-|-1. 

17. 2x = 5y. 

SrGc;ivSTioN. Putting ac = or y = gives the origin. To find a seeon 
point, another value must be assigned to as or y. 

18. 3a; — lly = 0. 19. x = y. 20. a; = — y. 

21. a; + 2y = 76. 

Suggestion. In such a problem the centimeter as unit runs t(ie point 
located off the diagram. Instead of the centimeter use the millimeter o 
2-millimeter length as unit. 

23. Sx-'y=120. 23. ^-| = 6a;- lOy- 8. 

13 7 

II. RATIO AND PROPORTION 

117. The ratio of two quantities is the quotient obtained bj 
dividing the first by the second. A ratio is thus a fractioa 
It is usually denoted by a colon, but preferably by a fractioE 
Thus, 2 : 3 or I is the ratio of 2 to 3, the sign : having the same 
meaning as -5-. 

1. What is the ratio of 9 to 12 ? Of a to 6 ? Of a -h 6 to 
c + d? Oid'-bno (a +by? Oi^to^? Oi a to b-^c? 

2. The first number in a ratio is called its anteced^t, and the 
second its consequent ; both are called the terms of the ratio. A 
ratio is always an abstract number, whatever concrete numbers 
may be in its terms, since it is always the quotient of one number 
divided by another of the same kind. 

118. A proportion is an equation (§ 54) whose members are 
ratios. 

For example, 77 = 7^; 6 : 9 = 10 : 15*; 2 = £ are proportions. 

By definition four terms are in proportion when the first term 
divided by the second equals the third term divided by the fourtli. 

119. Fundamental Theorem in Proportion. In a prqportionf tk 

product of the first and last terms, called the " extremes,^' eguah tk 
product of the two middle terms, or " means.^^ 
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a r 
Proof. Let - = - be any proportion. 

b d 

Then, ^xbd = ^x hd^ (By the multiplication axiom, § 67.) 
o a 

or ad = bc, (By rule for multiplication of fractions. Notice 

a and d ai*e the extremes, and b and c, the 

means.) 

The importance of this theorem consists in the fact that it 
changes a proportion into an integral equation, 

120. Exercise in Proportion. Using the definition, § 118, to 
solve Ex. 1, and the theorem of § 119 to solve Exs. 2, 3, find the 
unknown in the following proportions : 

1. A=:?^. ;^ = ^; 10():a; = 50:75; 45:60 = a;:24. 

2. 8:9==10:a;; |:| = a;:7; a; da. : 7 da. = 21 : 16. 

3. Solve - = -, or a:b = c:d, for a, 6, c, and d in turn. 

b d 

c d 

4. The answers to Ex. 3 can be written rt = 6x-; 6 = ax-: 

h a c ^^ ^ 

c = dx-; d = cx-. Now, - = - is a formula for every simple 
b a b d 

proportion. We see, then, that the unknown is always equal to 

the term corresponding to it multiplied by the proper ratio of 

}he other two terms. Hence we have the following : 

6. Rule for solving any arithmetical problem in proportion 
vhose terms are concrete numbers. Write first the number corre- 
sponding to the answer with its name ; multiply this by the imiyroper 
fraction ratio of the remaining two terms if the answer is to be 
frecUer than the first factor, and by the proper fraction ratio, if it 
s to he less. 

Always reduce the ra^io factor to its lowest terms before writing it 
lown, and cancel to the best advantage before multiplying, 

TMs is the business man's rule for solving any analysis or p'ro- 
)ortion problem, and should be mststered by the student. It is 
he easiest and quickest way available. 
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Solve the following problems by the rule just given and checl 
the result by an analysis solution. 

6. If 45 yd. of cloth cost $ 72, what will be the cost of 65 yd. '. 

Solution. 3 72 x J^ = $ 104. Arts, 

Explanation. $72 corresponds to the answer. Answer is to be more 
than ^ 72, so ratio is improper fraction, viz. Jf . 

Check. If 45 yd. cost J| 72, 1 yd. costs ^ 1.60 ; then 66 yd. cost 65 x $1.«() 
or 1104. 

7. If a building known to be 75 ft. high casts a shadow 125 ft. 
long, how high is a tree that casts a shadow 105 ft. long ? 

8. If an express train travels 375 mi. in 10 hr., what time 
would it require to go 525 mi. ? 

9. 26 men build a wall in 21 da. ; how many men could have 
built it in 14 days ? 

10. A water tower 100 ft. high and 22 ft. in diameter is to be 
represented in a drawing as 8 in. high. How many inches shall 
there be in the diameter of the drawing ? 

11. The height of the mercury in a barometer is proportional t<i 
the pressure. If the pressure is 14.7 lb. to the square inch wheu 
the mercury is 30 in. high, what is the pressure when the 
mercury is only 28 in. high ? 

12. If the wages of 48 men for 11 days of 9 hr. each is $127(\ 
what would be the wages of 27 men for 13 days of 8 hr. each ? 

Solution. $1270 x /^ X Jf x J = ^$754. Ans. 

Explanation. Each ratio is found independently of the othei*s. Thus, ii 
a certain sum is earned in 1 1 da., in 13 da. tliere will be earned Jf times as 
much. 

Check. A "cause and effect" solution is much preferable here to an 
analysis one as a check. By this method the two causes, or the products of the 
numbers of men, days, and hours, and the two effects, dollars, form in order the 
four terms of a simijle proportion, x taking the place of the unknown. Evi 
dently a ** man-hour,'' or what a man can do in an hour, is the unit used hi 
the causes. 

13. If 6000 ft. of copper wire i\ in. in diameter costs $ 10 whei 
copper is 15 ^ a pound, what will be the cost of 3850 ft. of ^ iu 
wire when copper is 14 ^ a pound ? 
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Suggestion. The cost will be in proportion to the areas of the cross sec- 
ions, or to the squares of the diameters ^^ and 3^. 

14. Three men go into partnership, the first furnishing $ 6000 
d the capital, the second $5000, and the third $4000. They 
lear the first year $2400. What is each man's share of tlie 
)rofits ? Show how to solve this problem by the rule in 5 above. 

15. A bankrupt owes three creditors $240, $360, and $400 
espectively. If $325 is divided among them in proportion to 
heir claims, what will each one get ? 

16. If silver solder contains 1 part brass, 1 part copper, and 
9 parts silver, how much of each would there be in 20 oz. of 
older ? 

17. A substance by analysis was found to contain 8.08 units (by 
freight) of sodium, 5.G1 units of sulphur, and 11.31 units of oxygen, 
low many pounds of sulphur are in 11.4 lb. of the substance ? 

18. If a line n is drawn parallel to the base m of a triangle, di- 
viding the other two sides into the four segments a, b, c, cZ, make 
.11 the proportions you can out of these 
ix letters. See § 51. Find two different 
xpressions for the value of a. Also two 
or m. 

19. If two chords intersect in a circle, 
iiake a proportion out of the two seg- 
oents of the first chord respectively, a 
.nd b, and the two segments of the second chord respectively, 

and d. If a = 4, 6 = 6, d = 11, find c. See § 51. 

20. If two secants a and b intersect without a circle, make a 
)roportion out of them and their external segments which are re- 
pectively c and c?. Find c when a = 10, 6 = 12, d = 4. 

21. If a perpendicular p is dropped from the vertex of a right 
riangle on the hypotenuse h, dividing it into the segments m and 
I lying respectively next t<5 the other two sides of the triangle, a 
md b, what proportions hold between these letters ? Solve for m 
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and n, getting two different expresgiona aa values for m. Fini 
m when a = 6.5 and A = 25. 

22. If f ia a tangent to a circle fros) a point outside and a isi 
secant fi'om the same point and e is its external segment, tind ( 
when ( = 0,4 and s = 13. 



131. Study of PropmtioD in which two terms are given, th« 

third term has various values asai^ed to It, and th^ corresponding 
values of the fourth are to be found. 

A typical proportion problem has two kinds of quantities iih 
volved, each having two values; as, if 5 lb. of nails cost 28^, 
what will 7 lb, cost? We readily see that if we know that o| 
lb. cost 28^, we can take any other number of ponnds and findj 
the cost, or any coat and find the cori-es ponding ni>fuber of pounds.' 
This truth will be used in the next article. 

132. Proportions and tbeb' Graphs. For a graph we need twn 
varying quantities, x and y. In a proportion there are four terms 
of which X and y can be two and the other two must be known 

mbers. 

To find the graph of the proportion x : y = 2 -. Z, or y = ^ x. 
We see from this that the graph 
of a proportion, of which x and 
y are tho terms of one ratio, b 
n straiijht line tki-ougk the origin 
and through a point whose coor- 
dinates are the terms of the given 
ratio, the term correa]>onding to 
X being the ahscinna and that 
>iTe3ponding to y the ordinate. 
Since three terms are always given in a proportion to find the 
fouith, we must aimiffn values to either x or ^, and the graph will 
then give a corresponding value for the other letter. Thus, if 
y = 2 in the graph, the correspond in'g value of x is fonnd by 
running along the graph y = 2 (or the line parallel to x and 2 




PROPOBTIONS AND THBIB GRAPHS 91 

units above it) until we come to graph Oa, and thence down 
vertically to OX, where we get the corves ponding value of x, or 
1.3*. Or, again, \ix = .8, y ia found to be l.'l by passing atound 
in the opposite wiy, 

2. Construct a cost graph when 1 lb., or 16 oz., costs 25^. 
Solution. Tbe graph paaaea, of couise, through the origin, and is made 

to go tlirough tlie point (25, 16). From it can be rend off (lie cost of any 

tiiimber of ounces by starting 

sX, llie number uf ounces 

above O, going thence on a 

horizontal liiie to the gmph, 

thence downward in a verti- 

zaX line lo OX, wliere the 

cost can be read off from the 

F>X scale of numbers. 

Similarly the number of 
juncea corresponding to any 
jiven cost can be found by 
itarting at tbe cost point on 
OX, going thence on a verti- ' 

;al line upward to the graph, thence on a linri2.inial line to OY, wliere ilie 
minber of ounces can be read of[ from tlie Or scale. 

3. Using the graph to Ex. 2, find the cost of 6, 8, 9, 17 oz., 
■espectively, checking each time with an arithmetical solution. 
Find, also, the number of ounces corresponding to 12, 18, 23, 4 
ients, respectively, and check with arithmetical solutions. 

4. Solve gmphically Ex. 6-9, § 120. 

5. Make a graph to reduce from pounds to kilograms, and 
lonversely, knowing that 1 kg. = 2.2 lb. (nearly); also one 
o reduce from miles to kilometers, and conversely, knowing 
hat 1 mi. i= 1.6 km. (nearly) ; also one to reduce from meters to 
/ards, and conversely, knowing; tbnt 1 m. = 1.1 yd. (nearly). 
These figures are approximations, correct to one decimal 
>lace.) 

6. Make a graph t« reduce diameters to eirenmferences, and 
onversely, knowing that one circumference = 3| diameters. 
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7. Construct graphical interest tables for 4%, 5%, ^%y re 
spectively. 

Suggestion. Assume $100 as principal. Then use 360 da. for known j-, 
and 1 4 for known y. Let 1 cm. = 60 da. on Xaxis ; 1 cm. = ^1 on Y axis. 

8. Construct graphs for reducing from dollars to English 
pounds; dollars to French francs; dollars to German raarks^ 
knowing that £ 1 = $4.8665, 1 fr. = 19.3^, and 1 M. = 23.8^. 

9. Construct a graph for uniform motion when distance 20 mi. 
is covered in S^ hr. Also graph when rate is given as so many 
miles an hour, as 14 mi. an hour. Find from first graph distance 
covered in 2f h^. Also time it takes to go 33 mi. 

in. FUNCTIONALITY 

123. A constant is a quantity that retains the same value 
throughout an investigation. Thus, in § 122, l, the 2 and 3 are 
constants. 

124. A^ var iable is a^quantity that changes in value. Thus, 
in § 122, 1, X and y are variables. TheTTeTglTt of tlie mercury in a 
thermometer is a variable, as it is always slowly changing, either 
rising or falling. The speed of a train is a variable, always 
increasing or diminishing, though at times the change is very 
slight. The age of a man, the height of a tree, the cost of most 
articles, are all variables. Indeed, strictly speaking, nearly all 
quantities in nature are variables, though some of them change 
so slowly and slightly (as the length of an iron rod) that they 
are commonly regarded as constants. 

Some variables change continuously while others change dis- 
continuously. Thus, the age of a man changes continuously, 
while the price of an article, as the cost of butter, usually jumps 
from one integral number of cents to another. In the mathe- 
matical treatment such discontinuous variables are regarded as 
continuous. 

Variables are commonly represented by the last letters of th( 
alphabet, and constants by the others, though this rule is oftei 
broken. 



VARIABLES 93 

125. Dependent and Independent Variables. Variables are usu- 
ally connected, one depending for its value on the value of an- 
other. 

For example, in a statistical graph which gives the temperatures 
throughout the hours of a day, we see that the thermometer read- 
ing depends on the hour of the day. In the formula s=\ gt^, as t 
increases s also increases as the body falls, both being continuous 
variables. 

Similarly, we saw in the article on functions (§ 53) that any 
quantity containing a; is a variable, if a; is a variable. 

Thus, — ^— varies in value if x varies. 
' 5 

lf. = 0,^^ = -| if. = 1,5^=1; 

if. = 2,^4if. = 3,?^2 = |;etc. 

The common plan is to let the lette r y equa ljbh e function of x._ 

Thus, in the preceding example, we would let y = . 

5 

Then, if a: = 4, y = 2; if a; = 5, 2/ = 2.6 ; if a; = 10, ?/ = 5.6; etc. 

It is customary to call a; the independent variable and y the 

dependent variable.^ 

126. The Use of Graphs to show Functional Relations. Such 

equations as y = — ^^^— or y= ~" ^"^ can have graphs con- 

4 4 

structed for them as in § 116. Now by first locating a series of 

points and then drawing a running line through them, we see the 

graph showing a continuous increase in the value of x, and a 

corresponding continuous increase or decrease in the value of y, 

1. Construct the graph for 2/ = 1 + 3aj, as in § 116. 

Here we see that as x increases y also increases, and as x de- 
creases y also decreases. Notice also that corresponding to any 
intermediate value of x between any two points there is a value 
of y which can be read off very approxiuiately correct. 
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2. Construct the graph for y = 2 — 3a?. 

In this problem we see that ad x increases, y decreases algebrai 
cally, and vice versa, 

3. A small factory has a daily expense account of $15 for 
wages, materials, etc. The average sales per day per workman 
are $3. Make a graph from these conditions, using x for number 
of workmen, and y = number of dollars of net profit. 

4. A merchant's fixed charges for rent, interest on borrowed 
money, clerk hire, etc., are $4000 annually. His gfoss profit on 
sales averages 40 %. Construct a graph in which a: = number of 
thousands of dollars of annual gross sales, and y = number of 
thousands of dollars of net profit. 

From this graph find y when x = 10, 20, 5 respectively. We 
see here how net profits is a fmiction of gross sales. 

6. The formula for uniform motion is s = vt, in which s = num- 
ber of units of distance passed over, 47=;= number of units of dis- 
tance passed over in one unit of time (velocity), and ^ = number 
of units of time. For uniform motion v is constant. 

The graph of § 122, }s of uniform motion, y taking the place 
of s and x that of t, 

6. If the typesetting for a circular costs $3, and the paper and 
printing 6 ^ a copy, construct graph from these data, letting y = 
total cost, and x = number of copies bought. From graph find 
cost of 500 copies. Find also number that can be bought for $8. 

7. If the sundry charges for a lecture course (advertising, 
tickets, etc.) cost $100, and the talent costs $1.25 per ticket, con- 
struct graph showing net profit or loss for varying numbers of 
tickets disposed of, if tickets are sold at $1.50. Suppose 300, 
500, 800 tickets are sold ; what is gain or loss in each case ? 



CHAPTER V 

SIMPLE EQUATIONS 

}. ppFIWITpNS 

127. An equation, as already defined in § 54, is a statement 
that two quantities have the same numerical value. 

128. Equations are of two kinds: equations of condition, and 
identities. 

129. A conditional equation is one in which the two sides have 
the same numerical value only when a particular value, or values, 
are substituted for the unknown number. 

Thus, 3 a; -f 5 = 35 is a conditional equation, since a? = 10 is 
the only value of x which makes tlie two sides of the equation 
equal. Again, o^ — 5ic-h6 = is " satisfied " only when x = 2, 
or when x = 3. If we put x = 4, the left side, or member , of the 
equation equals 2, reducing the equation to 2 = 0, which is not 
true. 

By an equation is commonly meant a conditional equation. 

130. An identity is a statement that a quantity is equal to 
itself, or that two quantities are the same when both are reduced 
to their simplest form. The sign for an identity is =. 

For example, wx -\- h =i ax -\- h -^ 3 + 4=2+5; 

(a; - 4) (a;- 5) = .t2 - 9 a; + 20. 

Identical equations, unlike couditipnal ones, hold true for any 

values of the letters contained in them. For instance, a;= 2, 3, 

4, — 2, etp., substituted for x in the equation (x — 4) (a? — 5) = 

X- — 9 aj + 20 all satisfy it. Test this statement. 

96 
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The given quantities in exercises in addition, subtraction, mul 
tiplicatiou, division, and factoring, in Chapters I, II, III, set equal 
to the answers give rise to identical equations. The ordinary 
sign for equals, " =,'' is very often used in place of =. An iden- 
tity is a declarative sentence. (See § 54.) 

131. Conditional Equations Classified. Conditional equations are 

classified : 

1. According to the degree (§§ 18, 90) of the unknown quantity, 
into: simple, quadratic, cubic, quartic, quintic, etc., equations. 
A simple equation is one of the first degree; a quadratic equatioo 
is one of the second degree ; a cubic one of the third degree ; etc. 
Notice the technical use of the word simple. It is easy to forget 
this definition, if one does not pay special attention to it. 

2. According to the number of unknown quantities they con- 
tain, int.o : equations containing one unknown, and simultaneous 
equations. 

132. Known and Unknown Quantities. The custom in algebra 
has been to denote unknown numbers by the last letters of 
the alphabet and known numbers by the others, but many 
authors are now using initials for the unknowns in problems. 
In science the rule is to use initials; as, v for velocity, p for 
pressure, etc. 

133. The root of an equation is the value of the unknown num 
ber. Contrast root of an equation and root of a quantity (§ 13). 
To solve an equation is literally to untie the unknown number 
from the other quantities, thus finding its value. 

134. To verify a root of an equation is to show that this value 
of the unknown number being substituted for the unknown in 
the given equation reduces it to an identity. 

Before beginning the next article the pupil should carefully 
review §§ 64-58. The axioms should be thoroughly memorized. 
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135. Solution of Equations, especially fractional equations, by 
neans of the axioms. 



I. 



Solve and verify in the following : 
x-S aj-2 3a;-2l 



2 3 12 

Solution. L. c. d. = 12. 

•. 6a;-18-(4x-8)=3x-21. 



(Mult. Ax. Equals, 
3a;-21 



3 x-2 



and 



12 



2 3 

multiplied by the same 



.-. Gar— 18-4 3c+8=3a;-21. 



number, 12, (the Led.), give the 
equals. Ox— 18— (4x— 8) and 3z-21.) 

(Removing parentheses, §-56.) 

.-. 6x— 4x— 3x=H-18— 8-21. (Sub. Ax. The same quantity, - 18-^ 

8 -f 3 ar, subtracted from equals, Ox — 
18 — 4aj + 8 and 3 a— 21, leaves the 
equals,6a;-4a;—3x and +18—8-21.) 

(Adding on each side, § 31.) 

(Div. Ax. Equals, — x and — 11, di- 
vided by the same quantity, — 1, 
give the equals, x and 11.) 

11-2 3x11-21 



.*. — »= — 11. 
.*. x = 11. Ans, 



Verification. 



11-3 
2 



12 



; or, 4-3=1. 



2. 



x—2 x—3 X 



4. « + 



5 4 10 

11- a; 26 -a; 



6. 



8. 



X 4: 



= 1. 



a?-f2 x-\-6 
a; -f 4 a; -f 5 



3a;-8 3a;-7 



= 0. 



3. 1-2 = 1 + 1-1. 



7. 3 + ^=10-^. 



9. a; = 3a; — 1(4 — a;)+^. 



t 3« 4« 



11. 



3n-f 7 ^ 6n-2 
4 n + 8 8/1 — 5' 
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12 ^ . «^^« + l j3 4 7^ 37 

■ M M + 3 «-l' ■ a; + i{ a! + 3 !r»+5a5+6 

7 ii V77 + 7 "• (^T2/+^:r2:=^- 

le. -i ?. 17. §-i^±l = _i ?. 



18. 



a? 



oar — 5ar — 11 — ic 



20.3-1-^^. 21. ^_^3 1^3^-^'^.2y-3 

22 ^ ^ -Jllzf 

23. -|(5-3)--Ks-8)+i(s-5) = 0. 

24. (aj-l)3 4-ar»4-(a;4-l)^ = 3ir(aj2-l). 

26. (x4-4)(x-5)-(a: + 5)(a;-3) + J = 0. 
26. (x + l/= iG-(l-ic)}a;-2. See § 21, 2. 

2g«.^g + 3 2g» + 3g-1 ^ 3-6g-20j2;' 
* 3^ + 2 32-2 92»-4 

28. J^^\ 4- ^ - ^^-^ 



2(a^-8) 6(«-2) 3(aj* + 2fl: + 4) 

136. Special Processes of Solution. The regular method of solu- 
tion is: (1) clear of fractions; (2) transpose; (3) collect; (4) 
divide through by the coefficient of a;: but any method is per- 
missible which solves or loosens x from the other quantities, 
provided the several steps can be justified. We can therefore use 
this rule : Proceed in any manner that seems advantageous, by fise 
of the axioms, to get x alone 07i one side, and only known quantities 
on the other side of the equation. 
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Such irregular processes of solution often possess a distinct 
advantage over the normal process. 

x — 1 a? — 5 x — S « — 7 



1. 



X 



2 a?— 6 x — 4: x — S 



Solution. = • (ouo. Ax.) 

^ x-8 «-« a-4 :r-2 

r2-13x + 42-(a^-13a; + -10) ^ a;^- 5a; + 6 - (a^^- 5a; + 4) /^^j^i^ x 



+ 



a;'-i-14a;H-48 jc^-Gx + S 

2x2 _ i2x + 16 = 2x'^ - 28x + 96. (Mult. Ax.) 

16x = 80. (Sub. Ax.) 

X = 6. (Div. Ax.) 

Observe that transposing came first and clearing of fractions 
near the last instead of at first. 

^ 1 1 1 1 Suggestion. 

X 2 x — 4: a;— -6 x 8 Add on each side first. 

Suggestion. 

rt 2 5 2 5 Transpose the two terms 

' a; — 14 a; — 13 a? — 9 a; — 11 on either side of =, and then 

add in each member. 
9a; 4-14 1^5 16 -21a ; 

12 7x 6aj 28 

Suggestion. Reduce fractions to mixed quantities first, and destroy J x. 

X — 1 X — 2 X — 5 a; — 6 Suggestion. 



4. 



5. 



X — 2 x — S x—6 X— 7 Use Suggestions to 4 and 2. 



a;^ — 2 a; 4-1 5 a; — 5 _. (« — 1)'. Suggestion. Divide by x— 1. 
12 24 "~ 12a; * Tlien, x = lis a root, § 90. 

If denominators conta^in both monomial and other expressions, 
it is often best to dear of monomial denominators o?i/// at first, 
and then simplify before proceeding to clear of the remaining 
denominators. 

9a; 4- 3 3a;-6 ^2 3a;4-22 
27 2x-5 3 9 



100 SIMPLE EQUATIONS 



SOLDTION 



9x + 3-Hg^^-^^^ = 18+9x + 66. (Multiply through by 27, 

2x-5 Mult. Ax.) 

81 X- 102^31 . * (Sub. Ax.) 



2a;-5 
ac-2 



= 1. (Div. Ax. Dividing by 81} 

2ic — 6 

a;-2 = 2a;-6. (Mult. Ax.) 

— x = —S^ X =S. (Sub. and Mult. Ax.) 

Let the student solve this problem by the usual method and 
compare the leni^th with the solution just given. 

9 18 "*"5jj~12 



9. 



48a; -h 7 6a; 4-1 a; -16 



24 3 4 (3a; -57) 

,^ 9(2a;-3) , 11a; -1 9a; + 11 

'^- 14 "^•3^Tr"'^ — 

n 5g — 6 z — 5 '^_A 
35 7^-112 7~ 

10 - X 13 + a? ^ 7a; - 17 17 -f 5a ; 
3 8 a; + 21 24 ' 

137. Exercise in constructing Functions. Express the answers 
to the following questions in algebraic language. To test the 
correctness of the answers, assign some value or values to the 
letter or letters in both the given problem and the answer found, 
and see if the resulting numerical values agree. (See § 130.) 

1. If a man earns $a a month and spends $a; a quarter, how 
much will he save in a year? Ans. 12 a — 4a; dollars. 

Check. If he earns $60 a month and spends $ 100 a quarter, he saves 
$200 ; also, 12 a - 4 x = 200. 

2. How far can a man go in 10 hours if he travels a; — 1 mi. 
an hour ? 
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3. A has $c and B has $d. If B gives A $n, how much will 
jach then have ? 

4. The width of a room is m — 3 ft. and its length 2 -f m ft. 
nore than its width. What is its perimeter, and what is its area? 

5. In X lb. of gunpowder the niter composed 10 lb. more than 
' of the total weight, the sulphur 3 lb. more than ^ of it, and 
he charcoal the rest. How many pounds were there of each ? 

6. A man who had $d bought r lb. of rice at c^ a pound, and 
lb. of sugar at 6^ a pound. How many cents had he left? . 

7. A man sold a farm which had cost him $ a to two parties, 
»ne taking b acres at $ m an acre, and the other c acres at $ n an 
jCTe, What was his gain per acre ? 

8. A fence is' built across a rectangular field a rd. long and 
► rd. wide, dividing it into two parts of which one is a square, 
rind the number of acres in each part. 

9. If a man can walk b mi. in x hr., how many feet does he 
valk in a second ? 

10. A man bought b yd. of cloth at $ c a yard, and gained n % 
srhen he sold it. What did he sell it for ? 

11. What is the duty on n yd. of cloth worth $c a yard, taxed 
.t r % ad valorem plus a specific duty of s ^ a yard. 

12. The population of a town in 1900 was p and by 1910 it 
lad fallen to q. What was the loss per cent? 

13. A wheelman rode h hr. at m mi. an hour and then 
lecreasing his speed he rode k hr. at n mi. an hour. He then 
eturned in p hr. What was his rate back ? 

14. A cistern can be filled by one pipe in 20 min. and by a 
lecond pipe in 30 min. If the first pipe is open m min. and the 
;econd 4 min., what part of the cisternful is left to fill ? 

15. A passenger train running p mi. an hour and a freight 
rain running / mi. an hour, being d mi. apart, approach each 
)ther, the passenger starting an hour after the freight. How 
'ar from the first train's starting point will they meet ? 
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16. If n is an integer, express an even number; an odd num- 
ber; three consecutive integers; three consecutive even integers; 
three consecutive odd integers. Ans, to 1st, 2 w ; to 2d, 2 n -f- 1. 

17. Find the sum of ten consecutive integers of which the 
first is n. Apply your result to finding the sum of 237,1.30, 
237,131, 237,132, •••, to ten numbers in a short way. 

138. Exercise in expressing Sentences as Equations. Let x = 
the principal unknown involved in the problems. Solve and 
verify in the equations after they are found. The sentence is a 
description of two quantities which are said to be equal. 

1. If to 9 times a number 4 is added, the result is 1120. 

Solution. 9x +4 . =1120, 

.'.x = l24. 
Verification. 9 x 121 + 4 = 1120. 

2. The sum of two numbers, one 12 greater than the other, 
is 198. 

3. Two numbers, the second of which is 3 more than twice 
the first, being added give 48. 

4. The length of a rectangle is 7 ft. more than its width and 
its perimeter is 210 ft. 

5. A man having completed | of his journey finds that if he 
travels 30 mi. farther, only ^ of the journey will remain. 

6. In an election A received a majority of 65 votes over B 
and both received 943 votes. 

7. Fifteen coins, dollars and quarter dollars, amount to $7.50. 

8. A lawyer collects a debt for a clieftit, takes 4% for his 
fee, and remits $207.60. 

9. A fountain pen sold at $2.50 yields a profit oiS5%. 

10. A principal in 2 yr. 3 mo. 12 da. at 6% amounts to 
$1367.84. 
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11. A man walking 3 mi. an hour and then riding in an auto- 
mobile 15 mi. an hour goes 63 miles in all, spending J of the 
time walking. How long was he on the road ? 

12. The width of a field being f of its length, when the width 
is increased by 5 ft. and the length by 10 ft., the area is increased 
by 400 sq. ft What was its length ? 

13. How many hours would it take an express train going 
48 mi. an hour and starting 3 hr. after an accomodation train 
going 30 mi. an hour to catch up with the latter ? 

14. A fruit dealer buying a certain number of oranges at 
20^ a dozen and twice as many at 25^ a dozen sold them all 
at 35^ a dozen, clearing $2.45. How many dozen did he buy 
at 20^ a dozen ? 

. 15. An officer, attempting to arrange his men in a solid square, 
found that with a certain number of men on a side he had 34 
men over, but with one man niore on a side he needed 35 men to 
complete the square. How many men had he ? 

139. Exercise in translating Equations back into Sentences. 

1. 3(aj-2) = 2(2a;-13). 

Ans. There is a certain number such that three times the 
liiference between it and 2 is the same number as twice the differ- 
snce between twice the number alid 13. 

2. 5a;— 4 = 3(a?4-4). 3. |aj — ^ = Ja?. 

4. . — - — = 6 — —. 6. — -^- 2x-{ -!— = 1. 

4 3 5 7 

• 

6. If B's money is $5 greater than A's, C's is $7 more than 
wice A's, and D's is $3 less than the sum of B's and C's, change 
he following equation into a sentence, making the conditions 
list given a part of the sentence : 

aj+(aj + 5)4-(2a;4-7)4-(3a;-|-12-3) = 168. 

7. Change y 4- (iy + 2) -f (y -j- 4) + (y -j- 6) = 96 into a sentence. 
COL. 2d c. — 8 
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* 

III. PROBLEMS CONTAINING ONE UNKNOWN QUANTITY 

140. Problems involving the Solution of Equations containing One 
Unknown Quantity. 

The solution of problems consists of two parts : 

(1) The translating of the problem into algebraic language, 
called the " statement" or " stating" of the problem. 

(2) The solution of the equation. 

Besides the solution there is always the verification. The 
verification of a problem is accomplished, not by substituting the 
answer in the equation found, but through testing it by the 
language of the problem, since the greatest danger of mistake 
here lies in the stating of the problem and not in the solution of 
the equation. 

1. What number is that whose half, third, and 100 more 
equals twice the number and 2 more ? 

2. What number is that whose half, third, and fourth parts 
together equal 65 ? 

Many of the types of problems now found in algebras have 
come down to us from remote antiquity. Some of them were 
given in arithmetics, and were called puzzles or enigmas because 
they were quite difficult to solve by arithmetic. Some authors 
called them amusing, or joke problems. The purpose in giving 
them was to sharpen the wits, to offer recreation, and to while 
away the time. We give a short list of such problems. 

3. A tower standing for \ of its length in the earth and \ in 
the water rises 100 feet in the air. What is its total height ? 

(Fi-om Bamberg Arithmetic, the first printed arithmetic, 1482.) 

4. A vinedresser hires a laborer with the understanding that 
for every day he worked he should receive 10 M., and for every 
day he was idle he should forfeit 12 M. After 40 da. the laborer 
quit, receiving no money. How many days did he work ? 

(Bamberg Arithmetic.) 
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5. Heap (the unknown), its ^, its ^, its |, its whole, it makes 
33. What is tlie number? (Ah me* papyrus, 1700? b.c.) 

6. A barrel has three faucets, by the first of which it is emptied 
in 2 days, by the second in 3 days, and by the third in 4 days. 
In what time will the barrel be emptied if all are left open ? 

(Bamberg Arithmetic.) 

7. A hound pursues a hare which is 100 leaps ahead of the 
hound. If the hare makes 12 leaps while the hound makes 15, 
how many leaps will the hare make before the hound catches 
lier, if the hound's leaps are the same length as those of the 
hare's ? (Bamberg Arithmetic.) 

8. At what time between 3 and 4 o'clock are the hands of a 
clock (1) together ; (2) at right angles ; (3) opposite. 

Suggestion. — In solving clock problems use minute spaces as the unit of 
measure, and note that in any specified time whatever the minute hand trav- 
erses exactly 12 times as many spaces as the hour hand. 

9. In an old Chinese arithmetic whose origin antedates 
1250 B.C., there is given this problem : In the middle of a square 
pond 12 units on a side there grows a reed which rises 1 unit 
above the water. If the reed be pulled over to the middle point 
of one of the edges, it just reaches the top of the water. What 
is the depth of the water in the center? 

10. A thief who stole a sum of gold was obliged to pass three 
doorkeepers on his way out. The first of these demanded the 
half of the stolen amount, but gave back to the thief 100 florins. 
The second demanded the half of the remainder, and then gave 
back 50 florins. The third demanded half of the last remaining 
sum, and gave back 25 florins to the thief, who now found he 
had left only one third of the sum stolen. How many florins did 
the thief steal ? (Jacob Koebel, 1470-1533 a.d.) 

11. A merchant adds annually J of his money diminished 
by iBlOO which he spends each year, and after three years is 
twice as rich as at first. Find the amount of his money at first. 
(From Newton's Universal Arithmetic, Le, Algebra, 1707.) 
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12. A scheme for one person to tell to another the result of a 
series of operations performed on a number secretly selected by 
the latter. Example. Denote by x the number secretly selected. 
Tell the person to take any number he wishes, and multiply it 
by 6, say, add 4 to the result, then add 15, then subtract 1, then 
divide the remainder by 3, then subtract twice the number he 
started with, then to square the result, subtract 6 from it, and 
divide the result by 5. Now t^ll him h^ has 6 for answer. Ex- 
plain how you know by algebra. 

X3. Two parallel chords equally distant from the center of a 
circle intercept arcs whose sum is -j^^^ of the remaining parts of 
the circumference. Find the number of degrees in each, part of 
the circumference. 

14. Two lines intersect so that 2 n — 1 degrees represents the 
size of one of the angles of the two pairs of vertical angles and 
3 n + 6 the number of degrees in one of the angles of the other 
pair. Find the number of degrees in each of the four angles. 

15. If two lines are cut by a transversal so that 2 w — 5 is the 
number of degrees in one of the interior angles and 10 n — 50 
the sum of all four interior angles, find the number of degrees in 
each of the eight angles formed by the transversal with the two 
parallel lines. 

16. The perimeter of a parallelogram is 360 rd. and the ratio 
of two adjacent sides is 2 : 5. How many rods are there in each 

side? 

» 

17. Two adjacent angles of a parallelogram are 2 n + 10 and 
3 n — 20 degrees. How many degrees are there in each angle ? 

18. An inscribed angle is subtended by 2 n — 10 degrees and 
the rest of the circumference is denoted by 5 w 4- 20 degrees. 
How many degrees are there in the angle ? 

19. The arcs intercepted between two vertical angles formed 
by. two chords which intersect within a circle are denoted by 
3 2/ — 16 degrees and 2 y -f 7 degrees. The remaining arcs rf 
the circumference together equal 7 y — 16 degrees. How many 
degrees are tber^ in th« angle between the chords ? 
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IV. SIMULTANEOUS EQUATIONS 



141. Simultaneous Equations are sets of equations whose un- 
known quantities have the same values in the different equations. 

13aj-2y = 16, 

both equations. Simultaneous equations are solved by a process 
called elimination. 



Thus in 



X has the value 2 and y the value 5 in 



142. Elimination is the process of deriving from two or more 
equations containing two or more unknown quantities a single 
equation containing one unknown quantity. The two most im- 
portant methods of elimination are : 

(1) By Substitution. (2) By Addition and Subtraction. 

143. Elimination by Substitution is accomplished by finding the 
value of one unknown from one of the given equations and suhsti- 
tiUing this value for the same luikuown in the other equation. 

a. Since two equations are being handled, in order to refer to them con- 
veniently, they are nTimbered (1) and (2). Changed forms of these equa- 
tions will be marked (U), (2i;, (I2), etc. 

7 8 



1. Given ^ 



(1) 

(2) 



x—S y — 5' 
9 5 



Solution. 



(ii) 
(1.) 

(2i) 



2x-l Sy + i' . 

7y-36 = 8a:-24 

7y = 8a;+ 11 

Sac±n 

I 

27 y + 36 = 10 a; — 6 



to find values of x and y 
which satisfy both equa- 
tions. 



27(§^) 



+ 36 = 10 a; - 5 



216 X + 297 + 252 = 70 X - 36 
146 X = - 684 



(Mult. Ax.) 
(Sub. Ax.) 

(Div. Ax.) 

(Mult. Ax.) 

(§ 148.) 

(§ 105, Mult. Ax.) 
(Sub. Ax.) 



X = — 4. Arts, (Div, Ax.) 
(1,) y _ 8x-4+ll _ _ 3^ ^^, (Substituting - 4 forx.) 

Vbripication (1) — ^ -= — -\ (2) ~" 



-4-3~-3-5* 



_8-l -9+4 
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|(1) 9x+Sy = 57, 
[(2) Gar+7y = 48. 



3. 



(l)x- 



4y-9_ 



11 



= 6, 



(2)|-"-±^=-3y. 



144. Elimination by Addition and Subtraction 

(1) 1 + 1 = 5, 



1. Given 



Solution. 



(2)^ + 2/ = 18, 



to find values of x and y which 
satisfy both equations. 



(•2i) 2 a; + 3 y = 51 (Mult. Ax.) 
(Multiplying (li) by 2, Mult Ax.) 
(Multiplying (2i) by 5, Mult. Ax.) 
(Subtracting (h) from (22), Sub. Ax.) 
y = 10. Ans.. (Div. Ax.) 
(2i) 2a; + 3 x 10 = 64. (Substituting its value for y.) 

X = 12. Ans. 



(li) 5x4- 4 y = 100 

(I2) 10 x+ 8y = 200 

(22) 10 X + 15 y = 270 

Ty= 10 



Verification (1) 1 

^ 5 



o 



(2) ?-2^ + 10=18. 



4 ■ 5 - ' ^ ' 3 

2. Rule. After reducing both equations to the form ax-^hy — c, 
each equation is mtdtiplied through by such a number that the coeffi- 
cients of X (or y if easier) are made the same in both new eqtiations. 
Hien, one of these equations is subtracted from the other (or added 
tchen the like coefficients have opposite signs). 



3. 



(1) 2x-\-Sy = lS, 
(2)Sx-2y = l. 



4. 



(l)i^^ = «'-2^, 



(2) 



40 

2 a; — ?/ 



^ 2 



145. Elimination by Comparison is less important than the other 
methods. It is i)erformed by finding the value of the same un- 
known from both equations and setting these values equal to 
oaoh other. 

146. General Exercise in Elimination with Two Unknowns. Solve 
(MU^h problem by both substitution and addition and subtraction 
and (H>m]>are the methods. 
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2 cc -f 7 y = 38, 

3 a; + 4 2/ = 31. 
29 a; + 85 ^ = 31, 
13 a; - 43 V = 95. 
5/i + 2A; = -7, 
2/i-|-A:4-6 ^ 2 



2. 



4. 



6. 



-.+ 



m — 2 7i -f- 1 
.wi — 2 w + 1 
» y 
» 2^ 



= 1, 

9 
8 



17a-18& = 52, 
5&-126 = 22. 
.5 a; -f y = 2.75, 
3.4 a; + .02 y = 1.75. 

a-\-2h,2a±b__. 
— ^- + — 3— -1, 

[8a-h76 = 12. 
(Sx-5ji^^^2xj-y 



8. 



2 



8 



a;-2y ^a; y 
4 2 3 



Suggestion. Solve without clearing of frac- 
tions for - and - , since clearing introduces term, 

X y 

xy. 



147. Special Methods of Elimination. Instead of eliminating 
immediately, it is often better to multiply each equation by such 
a multiplier that when the two resulting equations are added or 
subtracted a new equation results, which, though still containing 
both unknowns, has small coefficients. This new equation can 
now be combined with one of the old equations, or with another 
new equation obtained in the same way. Any pair of such 
equations are said to constitute a system, since they suffice to find 
the values of the unknowns. 



1. Given 



Solution. 



f(l) 13aj-29y = 97, ^ , , 

to find values of x and y. 
(2) 17 ic - 39 2/ = 129, 

(1) 52 a; -110?/ = 888 

(2) 51 a; - 117 y = 387 

(3) x+ y = l 
(3i) 13 x-h 13 y = 13 
(1) 13 a;- 20?/ = 97 

42 2/ = - 84 

y= — 2. Ans. 
(3) jr _|_ (_ 2) = 1 ; x = 3. Ans. 



(Mult. Ax.) 
(Mult. Ax.) 
(Sub. Ax.) 
(Ax. ?) 

(Ax. ?) 
(Ax. ?) 
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SOLDTIOX 

9a; + 3 + 81*-^=i??=18+9a; + 6«. (Multiply through by 21 

Mult. Ax.) 

(Sub. Ax.) 

(Div. Ax. Dividing by 81. 

(Mult. Ax.) 

(Sub. and Mult. Ax.) 

Let the student solve this problem by the usual method and 
compare the length with the solution just given. 

8. ' = 0. 

9 18 5x^12 



2aj- 


■ 5 




i^ -r 


t' .*> 


1 ' 


81a:- 
2a;- 


102 
■5 


^ 


81. • 




>« 


X - 
2x 


-2 
-6 


:r: 


1. 






X 


-2 


r=: 


2a;- 


-6. 






— X 




-3, 


X = 


3. 



9. 



48a; 4- 7 6x-hl x-16 



24 3 4 (3a; -57) 

,^ 9(2ir-3) j^llic-l 9a;-hll 
14 ^3a;H-l 7 

n 5g — 6 z — 5 ^_A 
35 7^-112 7"" 

,^ 10 -a; .13 + 0; 7a; -17 17 + 5a; 

12. P r= ! . 

3 8 a; + 21 24 



137. Exercise in constructing Functions. Express the answers 
to the following questions in algebraic language. To test the 
correctness of the answers, assign some value or values to the 
letter or letters in both the given problem and the answer found, 
and see if the resulting numerical values agree. (See § 130.) 

1. If a man earns $a a. month and spends fa; a quarter, how 
much will he save in a year? Ana. 12 a — Ax dollars. 

Check. If he earns $50 a month and spends $100 a quarter, he saves 
$200 ; also, 12 a - 4 a; = 200. 

2. How far can a man go in 10 hours if he travels a; — 1 mi. 
an hour ? 
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3. A has $c and B has $d. If B gives A $n, how much will 
each then have ? 

4. The width of a room is m — 3 ft. and its length 2 4- m ft. 
more than its width. What is its perimeter, and what is its area? 

5. In X lb. of gunpowder the niter composed 10 lb. more than 
f of the total weight, the sulphur 3 lb. more than ^ of it, and 
the charcoal the rest. How many pounds were there of each ? 

6. A man who had $d bought r lb. of rice at c^ a pound, and 
s lb. of sugar at 6^ a pound. How many cents had he left? . 

7. A man sold a farm which had cost him $ a to two parties, 
one taking b acres at $ m an acre, and the other c acres at $ n an 
acre. What was his gain per acre ? 

8. A fence is* built across a rectangular field a rd. long and 
b rd. wide, dividing it into two parts of which one is a square. 
Find the number of acres in each part. 

9. If a man can walk b mi. in x hr., how many feet does he 
walk in a second ? 

10. A man bought b yd. of cloth at $ c a yard, and gained n % 
when he sold it. What did he sell it for ? 

11. What is the duty on n yd. of cloth worth $c a yard, taxed 
at r % ad valorem plus a specific duty of s ^ a yard. 

12. The population of a town in 1900 was p and by 1910 it 
had fallen to q. What was the loss per cent? 

13. A wheelman rode h hr. at m mi. an hour and then 
decreasing his speed he rode k hr. at n mi. an hour. He then 
returned in p hr. What was his rate back ? 

14. A cistern can be filled by one pipe in 20 min. and by a 
second pipe in 30 min. If the first pipe is open m min. and the 
second 4 min., what part of the cisternful is left to fill ? 

15. A passenger train running p mi. an hour and a freight 
train running / mi. an hour, being d mi. apart, approach each 
other, the passenger starting an hour after the freight. How 
far from the first train's starting point will they meet ? 
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16. If n is an integer, express an even number ; an odd num- 
ber; three consecutive integers; three consecutive even integers; 
three consecutive odd integers. Ans. to 1st, 2 n ; to 2d, 2n-^l. 

17. Find the sum of ten consecutive integers of which the 
first is n. Apply your result to finding the sum of 237,1.30j 
237,131, 237,132, •••, to ten numbers in a short way. 

138. Exercise in ex^n-essing Sentences as Equations. Liet x = 
the principal unknown involved in the problems. Solve and 
verify in the equations after they are found. The sentence is a 
description of two quantities which are said to be equal. 

1. If to 9 times a number 4 is added, the result is 1120. 

Solution. Ox +4 =1120, 

.•.x = 124. 
Vekification. 9 X 124 + 4 = 1120. 

2. The sum of two numbers, one 12 greater than the other, 
is 198. 

3. Two numbers, the second of which is 3 more than twice 
the first, being added give 48. 

4. The length of a rectangle is 7 ft. more than its width and 
its perimeter is 210 ft. 

5. A man having completed | of his journey finds that if he 
travels 30 mi. farther, only f of the journey will remain. 

6. In an election A received a majority of 65 votes over B 
and both received 943 votes. 

7. Fifteen coins, dollars and quarter dollars, amount to $7.50. 

8. A lawyer collects a debt for a client, takes 4 % for his 
fee, and remits $207.60. 

9. A fountain pen sold at $2.50 yields a profit of 85 %. 

10. A principal in 2 yr. 3 mo. 12 da. at 6% amounts ta 
$1367.84. 
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11. A man walking 3 mi. an hour and then riding in an auto- 
mobile 15 mi. an hour goes 63 miles in all, spending | of the 
time walking. How long was he on the road ? 

12. The width of a field being | of its length, when the width 
is increased by 5 ft. and the length by 10 ft., the area is increased 
by 400 sq. ft. What was its length ? 

13. How many hours would it take an express train going 
48 mi. an hour and starting 3 hr. after an accomodation train 
going 30 mi. an hour to catch up with the latter ? 

14. A fruit dealer buying a certain number of oranges at 
20^ a dozen and twice as many at 25^ a dozen sold them all 
at 35^ a dozen, clearing $2.45. How many dozen did he buy 
at 20/^ a dozen ? 

. 15. An officer, attempting to arrange his men in a solid square, 
found that with a certain number of men on a side he had 34 
men over, but with one man more on a side he needed 35 men to 
complete the square. How many men had he ? 

139. Exercise in translating Equations back into Sentences. 

1. 3(a;-2) = 2(2a?-13). 

Ans. There is a certain number such that three times the 
difference between it and 2 is the same number as twice the differ- 
ence between twice the number afid 13. 

2. 5 a?— 4 = 3(a? -I- 4). 3. |aj — A=ja?. 

4. -^ = 6--. 6. — ^ 2x4--^^-l. 

« 

6. If B's money is $5 greater than A's, C's is $7 more than 
twice A's, and D's is $3 less than the sum of B's and C's, change 
the following equation into a sentence, making the conditions 
just given a part of the sentence : 

«+(« + 5)-h(2a;-f T) + (3a;-|-12-3) = 168. 

7. Change y + (i^ + 2) -f- (2^ -h 4) + 0^ + 0) = 96 into a sentence. 
COL. 2d c. — 8 
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m. PROBLEMS CONTAINING ONS UNKNOWN QUANTITY 

140. Problems inyolying the Solution of Equations containing One 
Unknown Quantity. 

The solution of problems consists of two parts : 

(1) The translating of the problem into algebraic language, 
called the " statement " or " stating " of the problem. 

(2) The solution of the equation. 

Besides the solution there is always the verification. The 
verification of a prohlein is accomplished, not by substituting the 
answer in the equation found, but through testing it by the 
language of the problem, since the greatest danger of mistake 
here lies in the stating of the problem and not in the solution of 
the equation. 

1. What number is that whose half, third, and 100 more 
equals twice the number and 2 more ? 

2. What number is that whose half, third, and fourth parts 
together equal 6o ? 

Many of the types of problems now found in algebras have 
come down to us from remote antiquity. Some of them were 
given in arithmetics, and were called puzzles or enigmas because 
they were quite difficult to solve by arithmetic. Some authors 
called them amusing, or joke problems. The purpose in giving 
them was to sharpen the wits, to offer recreation, and to while 
away the time. We give a short list of such problems. 

3. A tower standing for \ of its length in the earth and \ in 
the water rises 100 feet in the air. What is its total height ? 

(From Bamberg Arithmetic, the first printed arithmetic, 1482.) 

4. A vinedresser hires a laborer with the understanding that 
for every day he worked he should receive 10 M., and for every 
day he was idle he should forfeit 12 M. After 40 da. the laborer 
quit, receiving no money. How many days did he work ? 

(Bamberg Arithmetic.) 
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5. Heap (the unknown), its ^, its ^, its |, its whole, it makes 
33. What is tlie number? (Ah me* papyrus, 1700 ? b.c.) 

6. A barrel has three faucets, by the first of which it is emptied 
in 2 days, by the second in 3 days, and by the third in 4 days. 
In what time will the barrel be emptied if all are left open ? 

(Bamberg Arithmetic.) 

7. A hound pursues a hare which is 100 leaps ahead of the 
hound. If the hare makes 12 leaps while the hound makes 15, 
how many leaps will the hare make before the hound catches 
her, if the hound's leaps are the same length as those of the 
hare's ? (Bamberg Arithmetic.) 

8. At what time between 3 and 4 o'clock are the hands of a 
clock (1) together; (2) at right angles; (3) opposite. 

Suggestion. — In solving clock problems use minute spaces as the unit of 
measure, and note that in any specified time whatever the minute hand trav- 
erses exactly 12 times as many spaces as the hour hand. 

9. In an old Chinese arithmetic whose origin antedates 
1250 B.C., there is given this problem : In the middle of a square 
pond 12 units on a side there grows a reed which rises 1 unit 
above the water. If the reed be pulled over to the middle point 
of one of the edges, it just reaches the top of the water. What 
is the depth of the water in the center? 

10. A thief who stole a sum of gold was obliged to pass three 
doorkeepers on his way out. The first of these demanded the 
half of the stolen amount, but gave back to the thief 100 florins. 
The second demanded the half of the remainder, and then gave 
back 50 florins. The third demanded half of the last remaining 
sum, and gave back 25 florins to the thief, who now found he 
had left only one third of the sum stolen. How many florins did 
the thief steal ? (Jacob Koebel, 1470-1533 a.d.) 

11. A merchant adds annually ^ of his money diminished 
by iBlOO which he spends each year, and after three years is 
twice as rich as at first. Find the amount of his money at first. 
(From Newton's Universal Arithmetic, i.e. Algebra, 1707.) 
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12. A scheme for one person to tell to another the result of a 
series of operations performed on a number secretly selected by 
the latter. Example. Denote by x the number secretly selected. 
Tell the person to take awj number he wishes, and multiply it 
by 6, say, add 4 to the result, then add 15, then subtmct 1, then 
divide the remainder by 3, then subtract twice the number he 
started with, then to square the result, subtract 6 from it, and 
divide the result by 5. Now tell him h^ has 6 for answer. Ex- 
plain how you know by algebra. 

X3. Two parallel chords equally distant from the center of a 
circle intercept arcs whose sum is -^^ of the remaining parts of 
the circumference. Find the number of degrees in each part of 
the circumference. 

14. Two lines intersect so that 2n — 1 degrees represents the 
size of one of the angles of the two pairs of vertical angles and 
3 n + 6 the number of degrees in one of the angles of the other 
pair. Find the number of degrees in each of the four angles. 

15. If two lines are cut by a transversal so that 2 n — 5 is the 
number of degrees in one of the interior angles and 10 w — 50 
the sura of all four interior angles, find the number of degrees in 
each of the eight angles formed by the transversal with the two 
parallel lines. 

16. The perimeter of a parallelogram is 360 rd. and the ratio 
of two adjacent sides is 2': 5. How many rods are there in each 

side? 

» 

17. Two adjacent angles of a parallelogram are 2 n 4- 10 and 
3 n — 20 degrees. How many degrees are there in each angle ? 

18. An inscribed angle is subtended by 2 n — 10 degrees and 
the rest of the circumference is denoted by 5 w 4- 20 degrees. 
How many degrees are there in the angle ? 

19. The arcs intercepted between two vertical angles formed 
by. two chords which intersect within a circle are denoted by 
3 y — 16 degrees and 2 y -f 7 degrees. The remaining arcs of 
the circumference together equal 7 y — 16 degrees. How many 
degrees ^x^ tber^ in tb^ angle between the chords ? 
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IV. SIMULTANEOUS EQUATIONS 

141. Simultaneous Equations are sets of equations whose un- 
known quantities have the same values in the different equations. 

Thus in ■ ^ o ~ -•'/? ^ l^as the value 2 and y the value 5 in 
lo X — ^ y ^=* lO) 

both equations. Simultaneous equations are solved by a process 

called elimination. 

142. Elimination is the process of deriving from two or more 
equations containing two or more unknown quantities a single 
equation containing one unknown quantity. The two most im- 
portant methods of elimination are: 

(1) By Substitution. (2) By Addition and Subtraction. 

143. Elimination by Substitution is accomplished by finding the 
value of one unknown from one of the given equations and substi- 
tuting this value for the same unknown in the other equation. 

a. Since two equations are being handled, in order to refer to them con- 
veniently, tliey are numbered (1) and (2). Changed forms of these equa- 
tions will be marked (U), (2ij, (I2), etc. 

7 8 



1. Given ^ 



(1) 
(2) 



a?-3 
9 



5 



Solution. 



(ii) 
(i») 

(2i) 



2a!-l By + 'k' . 

7y-35 = 8a:-24 
7y = 8a;+ 11 



to find values of x and y 
which satisfy both equa- 
tions. 



y='-^^ 



27^ 



8x-f 11 

7 



27 y + 36 = 10 a; — 6 
W36 = 10a;-o 



216x + 297 + 252 = 70x-36 
146 X = - 684 



(Mult. Ax.) 
(Sub. Ax.) 

(Div. Ax.) 

(Mult. Ax.) 

(§ 148.) 

(§ 105, Mult. Ax.) 
(Sub. Ax.) 



X = — 4. Ans, (Div. Ax.) 
(1,) y ^ 8x-4 + ll _ _ 3^ ^^g (Substituting - 4 forx.) 

Vbripication (1) — J- — -= — -; (2) ~" 



_4-3 -3-5 



«8-l -9+4 
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^ |(1) 9x + Sy = 57, 
[(2) Oa; + 72^ = 48. 



3. 






144. Elimination by Addition and Subtraction. 



1. Given 



Solution. 



(2)^ + y = l8, 



to find values of x and t/ which 
satisfy both equations. 



(li) 5x4- 4y = 100 (2i) 2a; + 3y = 51 (Mult. Ax.) 
(I2) 10 X -f 8 y = 200 (Multiplying (li) by 2, Mult Ax. ) 
(22) 10 X -f 15 y = 270 (Multiplying (2i) by 5, Mult. Ax.) 

7y= 70 (Subtracting (I2) from (22), Sub. Ax.) 
y = 10. Ans.. (Div. Ax.) 
(2i) 2 X + 3 X 10 = 54. (Substituting its value for y.) 

X = 12. Ans. 

Verification (1) h— = 5; (2) — h 10=18. 

4 5 o 

2. Rule. After reducing both equcUions to the form ax -{- by = c, 
each equaJti(m is multiplied through by such a number that the ateffi- 
dents of x (or y if easier) are made the same in both new equations. 
Tlienj one of these equations is subtracted from the other (or added 
when the like coefficients have opposite signs). 



3. 



(I)2ic-h3y = 18, 
(2)3ic-2y = l. 



4. 



/o\ 2 OJ — ?/ o 1 



145. Elimination by Comparison is less important than the other 
methods. It is performed by finding the vahie of the same un- 
known from both equations and setting these values equal to 
each other. 

146. General Exercise in Elimination with Two Unknowns. Solve 

each problem by both substitution and addition and subtraction 
and compare the methods. 
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2 a; -f 7 y = 38, 

3 a; + 4?/ = 31. 
29a; + 85^ = 31, 
lSx-4Sy = 95. 

2/i-|-A: + 6^_2 

7 



2. 



4. 



6. 



h-2k-3 
4 3 



1 



17a-186 = 62, 
5 a - 12 & = 22. 
.5 a? -f y = 2.75, 
3.4 a; + .02 y = 1.75. 

a-\-2h,2a±b_. 
— J— + -^— -1, 



-h 



9. 



m — 2 ?i -f 1 
.7?i — 2 ?i H- 1 
X y 

» y 



= 1, 
9 

' — • 

8 



8. 



'^8a + 76 = 12. 
3g;-5y , Q_ 2a; + y 



8 



a;-2?/ ^a; y 
4 2 3 



Suggestion. Solve without clearing of frac- 
1 

y 



tions for - and i , since clearing introduces term, 

X 

xy. 



147. Special Methods of Elimination. Instead of eliminating 
immediately, it is often better to multiply each equation by such 
a multiplier that when the two resulting equations are added or 
subtracted a new equation results, which, though still containing 
both unknowns, has small coefficients. This new equation can 
now be combined with one of the old equations, or with another 
new equation obtained in the same way. Any pair of such 
equations are said to constitute a system^ since they suffice to find 
the values of the unknowns. 



1. Given 



Solution. 



(1) 13aj-292^ = 97, 



(2) 17 ic - 39 1/ = 129, 

(1) o2ic- 110?/ = 888 

(2) 51a;- 117 y = 387 

(3) X + y = 1 
(3i) 13 a- + 13 y = 13 
(1) 13 a;- 20?/ = 97 

42 y = - 84 

y=— 2. Ans 
(3) ^ _^ (_ 2) = 1 ; x = 3. Ans. 



to find values of x and y. 



(Mult. Ax.) 
(Mult. Ax.) 
(Sub. Ax.) 
(Ax. ?) 

(Ax. ?) 
(Ax.?) 



110 SIMPLE EQUATIONS 

Verification. (1) 13 x 3- 29 x- 2 = 97 ; (2) 17 x 3-39 x — 2=129. 

(a) If the student will solve this problem by the regular process of solu- 
tion, that is by multiplying (1) through by 17 and (2) through by 13, he will 
find that the labor of solution is two or three times as great as that of the 
preceding solution. Evidently the plan is to multiply both members of each 
of the two equations by two small numbers so as to bring the corresponding 
coefficients close together in value instead of to make them equal. 

2. llaj-21y = 26; 21a;-40y = 50. 

3. 19a? + 35 2/ = 127; 28 « + 53 y = 190. 

4. 23a; + 29^ = -l; 29a; + 23^ = 53. 

Suggestion. Add and divide through by 52, getting (3) ; then subtract 
and divide through by 6, getting (4). Use (3) and (4) to finish solution. 

148. Systems of Equations. Equivalence. Two systems of 
equations (§ 147) are equivalent when one set can be derived from 
Ihe other by axiomatic processes, and the values of the unknowns 
obtained from each set are the same. Thus, we saw in the last 
article that values of the unknowns derived from using a new 
third equation along with one of the given equations verified in 
both of the given equations; also in Ex. 4, that values of the 
unknowns obtained from the two new equations (3) and (4) veri- 
fied in the original equations. 

It may be said here that, in general, throughout simple equa- 
tions, values of the unknowns found from a set of derived equa- 
tions will verify in the original ones. Nevertheless the student 
should make it a rule to test all answers by substituting them in 
the original equations. 



1. Given 



149. Simultaneous Equations Containing Three or more Unknowns. 

(1) 2x-\-Sy-z^21, to find values of a?, y,z 

(2) 6a;— 7 y -I- 5 2? =55, which will satisfy each 

(3) 9a;+5i/-22 = 71, ^^ t^^se equations. 
Solution. Of the unknowns z is most easily eluninated. 

(li) 10 X 4- 15 2/ - 5 2 = 105 (Mult. Ax.) 

(2) 6a;- 7y + 5g= 65 

(4) 16x+ Sy =160 (Ax.?) 

(4i) 2x+ y =20 (Ax.?) _ 
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(3) 9«+ 5y-2af= 71 

(I2) 4a;-f Cy-2g= 42 (Ax.?) 

(5) 5 a;- y = 2'J (Ax.?) 

(4i) 2a;+ y =20 

7 a; = 4:) (Ax.?) 

a; =7. Am. (Ax.?) 

(4i) 2 X 7 + y = 20. (Sub6tituting ito value 7 for %). 

y = 6. ^n«. 
(1) 2 X 7 + 3 X 6 — 2f = 21. (Substituting their values for x and y.) 

z =11. -4n5. 
Verification (2) 0x7-7x6 + 5x 11 = 55, 

C') 9x7+5x6-2x 11=71. 

3. < 13Z-2m + 5?i = o8, 
17 / — m — 71 = 15. 

sets of three simultaneous equations. 

^aj-iy + l2 = 8, 

6- ia;-i2/-fi2r=l, 

iaj-iy + -j2; = 5. 

SuoGKSTioN. Eliminate g, using ( 1 ) 
and (2), getting (4). Then take (3) 
and (4) together. 



SnoGESTiON. Do not clear of the 
denominators, but solve directly for 

- , - , - , and then get a;, y, z. Solve 
X y z 

as in Ex. 7. 



8. 



4a; — 32/ + « = 0, 


9x + y — 5z = 16, 


aj-4y + 32: = 2. 


Make a rule for solving 


M + v-f 6^ = 63, 


v + «-6?t=-130, 


3 w + V — ^ = 76. 


2p-3g = 3, 


3g-4r = 7, 


4r-5|> = 2. 


a: 2/ 2; 


2 y 


X Z 3 



'3if4-6y + 2 2 + M=2, 



9. ^ 



a; — y — 3 2; — 4 w=3, 
x-^2y-2z-2u=^0, 
2 X'\-y — z — 3u=ry. 



SuooBSTioN. Eliminate x first. 
Combine (2) and (3), eliminating x, 
getting (5). Then combine (1) and 
(2), eliminating x, getting (6). Then 
combino (?.) and (4), eliminating ar, 
getting (7). Now solve (5), (6), and 
(7) as in preceding problems. 
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150. Problems involving the Solution of Equations containing 
One or More Unknowns. The choice of the number of unknowns 
is left to the student. The same problem can often be solved 
equally well by using different numbers of unknowns. 

1. A gentleman divides 2 dollars among 12 children, giving to 
some 18^ each, and to the others 14^ each. How many were of 
each class ? 

2. A grocer has two sorts of sugar, one worth 5^ and the other 
6|^^ a pound. How many pounds of each sort must be taken to 
make a mixture of 100 lb. worth $o.G0? 

3. Two sides of an equiangular triangle are 15 a; — 6y an(^ 
20 a; — 9 y, and the third side is 15. Find x and y, 

4. How many gallons each of cream containing SO^o ^at and 
milk containing 5 % fat shall be mixed so as to produce 10 gal. 
of mixture containing 25 % of fat ? 

6. If 6, 8, and 11 ft. respectively are the sides of a triangle, 
find the segments into which the bisector of the angle between d 
and 8 sides divides the third side. What are the segments when 
an exterior angle is bisected ? (See § 51.) 

6. In an athletic meet the team from town A won the cham- 
pionship with a total of 36 points, taking iive firsts, three seconds, 
and two thirds. The team from town B got four firsts, two sec- 
onds, and four thirds, with a total of 30 points, and the team from 
town C got two firsts, six seconds, and five thirds, and a total 
of 33 points. How many points did a first, second, and third 
respectively count ? 

7. Earth and Venus move around the sun in orbits approxi- 
mately circular, one moving around the sun in a shorter period 
than the other so that at one time they and the sun are in line 
with Yenus between the other two, and at another time tliey ai-e 
in line in a different place with the sun between the other two. 
When nearest together Earth and Yenus are only 25.6 millions 
of miles from each other; when farthest apart they are 160 mil- 
lions of miles distant from each other. Find the distance of each 
X)lanet from the sun. 
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V. GBAPmCAL SOLUTION OF SIMULTAKEOVS EQUATIONS 

151. Value of the Orspblcal Method. Whether the algebraic or 
he graphical method will give the answer more quickly depends 
la the problem and the skill of the user, but the algebraic solu- 
ion ia always accurate, while the graphic solution ia often only 
.pproximate. One of these methods can be used to check the 
.iiawer obtained by the other, though verification ia also available 
or both. Biit for the student now the main value of the graph- 
cal sohitions consists in the fact that they throw a strong liglit 
■n the nature of simultaneous equations and on peculiarities that 
nay occur in them. 

152. Graphical Solution of Pairs of Eqoatltms containing Two 

JnknownB. 1. Solve (1) f-U=l (2) ?_^ = ^, by the 

3 6 2 5 10 2 

graphical method, aud check with an algebraic solution. 

Gkaph Solution. 



(',V) 


I-T. 


(0, - 3) 
(1.5, 0) 
(3,3) 


b 


(2,) 2^-8 


= 5 


(.',») 


Pt. 


(0 - 1.67) 
(2.6, 0) 

(;t, .s-i) 


m 
P 



The coiinlinales thai 
rhere tite graphs civsa. 
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Algebraic Solution. 



2. 



4. 



6. 



8. 



10. 



3a?4-4y = 10, 

4a;4-y= 9. 
2a?H-3y = 43, 
10a?- y = 7. 
18a;-10y = 29, 
14aj-15y = 24. 
llcl + 16< = 64, 
7d-12t=:lS. 

flla;-3y = 321, 
5 a? — 16y = 585. 



8. < 



5. 



(li) 2x- y= 3 (li)2a:-(-l)=3. (§ 144.; 
(2i) 2xSy= 6 a; = 1. Jins. 

2y=-2 
jf = — 1. ^w«. 

5a?-f 6y=sl7, 

6 a; + 5 y = 16. 

lla;-14y = 14, 

5a? -f 7y = 41. 

7a?-9y = -22, 

a? = — 4. 

8 J? = 5 y, 

13a- = 8.v + l. 

7a? + 2y=76, 
2a?-33/ = ll. 



7. 



9. 



11. 



Suggestion to Ex. 10. Since the numbers are large, the centimeter can 
not be ased as the unit of measure. The 2-millimeter unit can be employed 
in this case. 

153. Consistent Equations. The student may ask himself the 
question whether if three equations, each containing two un- 
knowns, were taken at random, the values of x and y obtained 
by solving the system formed out of the first two equations would 
have the same values as those obtained by taking the system 
formed from the second and third equations, or by taking the 
system formed from the first and third equations. 

On the other hand, if the third equation was obtained by com- 
bining the first two in some way, would the values of x and y 
found by solving the system formed from the first two satisfy the 
third equation ? 

Example. (1) lla?-10y= 14 (2) 5a?4-7y = 41 

(2i) 10a: + 14y= 82 
(3) x-24.v = -68 

Construct now the graphs of equations (1) and (2) and (3) to 
the same axes. What do you learn ? 
Test problems of § 147 iu the same way. 
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154. Inconsistent Equations. Construct the graphs for the fol- 
owing equations on the same axes ; 

(1) 4aj-2y = 7. (2) 4aj-9?/=-21. (3) 3a?-4y = -8. 

Solve the system formed from (1) and (2) algebraically and 
3onipare the answers with those on diagram obtained graphically. 
Do the same with the system (1) and (3), and with the system (2) 
ind (3). 

Write sets of three equations at random and see whether their 
^aphs intersect in three points or one point. 

155. Systems of Equations in which One of the Two Given Equations 
can be derived from the Other. 

Construct the graphs for the system 

(1) 2a;-5y=ll; (2) ^^L=^:^4y, 

in which (2) can be derived from (1) by first multiplying through 
by 4, then transposing, and then dividing through by 5. 

What do you learn about these graphs ? 

Test your answer by making and testing other similarly con- 
structed systems. Is then the system of marking equations, in 
which the equation marked (1) at the start is marked (1) with 
subscripts throughout, justified ? 

156. Systems of Equations which differ only in their Known Terms. 
Construct the graphs on the same axes for the system 

(1) 2x-5y = 12, (2) 4aj=10y + 6, 

in which, obviously, (2) can be changed into 2 a; — 5 y = 3. 

What do you find true of these graphs ? 

Test your answer by constructing similar systems which differ 
only in their known terms. 

We learn then that whenever by transposing, and multiplying 
or dividing through, two equations can be made to differ in their 
known terms only, their graphs are parallel* 

a. The graphs of three equations each having tvco unknowns may intersect 
inO^ or 2, or IS^ or S points {not at infinity) y or in every point* Explain^ 
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157. Solution of Problems by Graphs. — Verify ibe results in 

Exs. 1-S, S, 9, following, with algebraic solutions. 

1. Two tiieii set out from two towns A and B, GO mi. apart, the 

ooe from A walking 4 mi. an hoiii', and the one fioin B riiling in 
an automobile at the i-ate of 1.^ mi 
an hour. How far from ..1 will 
they meet, and in how niany houi'8 
from the time they start? 

Solution. Takea vertJcalaxisflcin. 
long to donote 00 ini.f ii.H.rking its ex- 
tremities A and B, A below and B 
above. To llio riglil of A let the ccntl- 
met^rs denote haurg. 1'lien thinking ol 
A as origin, locate point a as (1, 4) in 
which 1 is one hour and 4 is 4 of tiic 
00 mi. in the Une AS. Agnin, thinhini! 
of fi as origin, locate point b as 1 lir. 
to ilie riglit of B and 13 ot the 60 mi. 
units belov/ B. Kow draw An and III' 
and eiter.d lliem until Iht-y meet at ■■. 
The number oE unite from c down to 
tlie horizontal line llirougli A gives tlie 
number of mllea from A to where they 

meet. Also the abscissa of e gives the time when lliey meet. 

Notice that y = ix is the equation of Aa, and y = — \3x that of Bb as in 

§ 122, but different nnlt len^hs are used here for x and y. 

VuRiFiCATloM BY *N Alobdraical Soi.utton. Ltt :c = number of mili'^ 

from A to where they meet. Then - — - ~ — ^, whence x— 14j^ mi. 



Tliis shows that the squared paper solution ia not quite accurate, but gives a 
good approsimnlion to the answer. 

2. Two trains start from New York and Washington at the 
same time, 8 a.m., the one from New York i-unnlug 45 mi. an 
hour and the other 40 mi. an hour, and Washington and New 
York are 228 ini. apart. How far from New York will they 
meet, and at what hour of the day ? 

3. Two steamprn leave New York and Queenstown, Ireland, 
the same day, Monday, the first at 3 p.m. and the other at fi a.m., 
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both Greenwich time. The first makes 600 and the second 500 
geographical miles a day, and the two places are 2780 geograph- 
ical miles apart. How far from Queenstown will they meet, and 
at what time ? 

Suggestion. Let the vertical line AB denote 2780 mi., A being New York. 
Then start the graph for the New York steamer 9 hr. to the right of ^ us 
origin, point A being at 6 a.m. 

4. A man made a trip to the country with an automobile, run- 
ning 18 mi. an hour. The machine broke down, and he had to 
return on a bicycle, making 10 mi. an hour. He was away from 
home 3^ hours in all ; how far did he go ? 

Suggestion. Let JfiV represent a horizontal line which stands for 3J,hr. 
Draw the graphs for the motion from the points M and N, 

5. The 20th Century Limited leaves New York (1911 schedule) 
at 4 P.M.,. traveling 53 mi. an hour, following the Day Express 
which leaves New York at 9.40 a.m., traveling 34 mi. an hour. 
How far from New York and at what time will the fast train 
catch the other ? 

Suggestion. Let MN represent the difference in time of starting. Draw 
both graphs northeast from M and N. 

6. Construct a graph for the movement of a suburban train 
which runs on the following schedule : 



3ta. 


Mi. 


Aruive 


Depart 


A 







6 A.M. 


B 


7 


6.15 


6.18 


C 


12 


6.25 


6.27 


D 


18 


6.35 


6.40 


E 


25 


6.50 





Suggestion. Notice when the train is standing still the graph runs hori- 
zontally, so that the graph for a train stopping and starting is zigzag. 

7. We give next a " train chart " used by train dispatchers on 
railroads to make time schedules. On a large chart lines are 
drawn (or threads are stretched, held in position by pins), as in 
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accompanying diagram, which show where and when trains 
start, stop, and paas each other. The stops of the four paeaeoger 
trains (Noo. 1, 10, 44, 45) are so short that they haidly show 
The freight (Nos. 112, 113) stops are much longer. Any uum-| 
ber of trains can be put on the same diagram. j 

8. A can do a 
Cleveland job in 10 days and: 

B the same lu 13. 
days. In what 
time can both do 
it? 

WelUnstoii Soggestiom. Lei 

»iiy Gonvenient »er- 
Uoal lenglU AB dt 
note the work, i.f. 
one timi'S the woric. 
MaJ-k tlie days to Uie 
Oalta riglit Iroui Ixiih A 

and B. Let a be 10 
days directly east 
from B and b IS 

daya east of A. Join 

*'*"■' A and o and B aiid 

j>. Where these 
gr^dis ciosH la the 
t^olumb aosner sought 

Night AM. N^x.n P.M. Night ^ ^j^^^ j^ 

cets fill a cistern, the first in 20 miti., the second in 30 min., and 
the third in 40 min. In what time will all fill it? 

SuaoESTiON. First find the tinw (or the Brat two, and then for this result 
and the third. 

VI. LITERAL EQDATIOMS 

156. Solution of Applied FormuUa for any Letter. The follow- 
ing formulas come from arithmetic, geometry, physics (including 
soiiud, light, heat, electricity), shop-wnrk, trigonometry, engineer- 
ing, etc Tliey are all solved by use of the asions in mock tJw 
same manner as the equations of § 135. 
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Solve the following formulas for each letter in them (excepting 
cnown numbers like ir) not given directly : 

1. s = ba (area of a rectangle = base x altitude.) 
Solution, ba = s. (Reversing members.) 

a=^- Ans, CDiY. Ax.), 6 = -. Ans. (Div. Ax.) 
a 

2. c = -. 3. 5 = ?. 4. t=-. 

h h b 

5. d = — 6. w=fd, 7. c = pn, 

V 

8. a = |6^. 9. A = 7rab. 10. ST=8t. 

11. t=^h 12. F^^. 13. Z = '^^^ 



9. 


A = 


TTCbb. 


12. 


F = 


Wa 
9 


15. 


E = 


nCN 
10«* 



k g 360 

14. ^=^'. 15. E = !L0^. 16. i2 = 3 + r. 
r T' 10« 6 

17. Px P« X /S',= TFx F; X Sa. 18. 6=1.155(/-0.2) 

19. i2=0.3788Gr. 20. ^=-^. 21. a = 6(l-fr). 

Ir 2 ttZ/^ 

22. a=i)(l + ^). 23. v = 4^(Z-fr). 24. Mts=zM't's'. 

25. d = d'+-. 26. ^ = |a(6+&')- 27. H=^^^^ 



28. = 






/S6H-i? 



Solution for S. SCb -{■ CR = SE. (Mult. Ax.) 

SCb - /S'^ = - CiJ. (Sub. Ax. Unknowns to left, 

knowns to right member.) 
S^E — Cb) = O^. (Changing signs, Mult. Ax. , and 

factoring.) 



S= ^^ ' Ans. (Div. Ax,) 
E-Cb ^ ^ 



Other answers : 



^^ SbC+BC , j^^ SE^SbC , i.^SE- CR 
S ' C ' CS 

COL. 2d c. — 9 
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b + RP Sb + BP g + s 

S2. , = ?^. 33. S = —^. 34. -^=^^- 

35. i=Uh- 36. ^ = ^^ 37. ^=l^=f 

FDD' Wi-^W2 — Ws h 2p 

38. :gi^ = ^. 39. l = ^ER±^ + 2d. 40. a = 2lL-4. 
41. i=i+i+-i. 42. «w(<-O=»»V(C-0- 

J\, 111 

Pupils should examine geometries, books on physics, and shop 
mathematics for similar formulas, and solve those found for any 
letter. But if in any formula the unknown appears to the second 
or higher powers, the metht)d of solution is different from that 
here explained. It will be given later. 

159. Making and Using of Formulas in Arithmetic. 

1. If 5 represents base, r rate, and p percentage, make a 
formula giving the value of p. Solve this formula for h ; for r. 

a. The word rate means ratio, that is, the ratio of the percentage to th€ 

base ; or, if r = rate, r = ■2- In the solution of problems it is often preferable 

6 

to let r%, or — = the rate, thus making r ordinarily an integral or mixed 

JL UU 

number, rather than a decimal. Then -^ = ? • 
' . 100 6 

Solve the following numerical problems by substituting in th6 
appropriate formula : 

2. A trader having $ 1960 spent 15 % of it. What sum did 
he spend ? 

3. If I sell f of a carload of wheat for what ^ of the whole 
carload cost, what is the gain per cent ? 

Suggestion. Find first what part of cost whole carload would be sold for 
and then find gain. 
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4. 68| is 9^,% of what number ? 

5. If b represents base, r rate, a amount, or sum of base and 
percentage, and d " difference," or base less percentage, write a 
formula for value of a ; also a formula for value of d. Solve the 
latter for b. 

6. A has $3009, which is 18 % more than B has. How much 
has B ? Also A has 15 % less than C. How much has C ? 

7. lip represents principal, r rate, t number of years princi- 
pal bore simple interest, and a amount, make a formula giving 
the value of a. 

a. This formula can be used to solve any problem in simple interest. 

8. Find the amount of $520 at 5 % for 4 yr. 4 mo. 24 da. 
by using formula. 

9. Find the rate when $1652.64 is amoimt, principal is $1320, 
and time is 3 yr. 7 'mo. 6 da. Solve the formula for r first. 

10. Find the principal when the amount is $279.18, rate is 3 %, 
and time is 1 yr. 1 mo. 6 da. Solve the formula for p first. 

11. Find the time when the amount is $1148, the rate is 
4^ %, and the principal is $1025. Solve the formula for t first. 

12. Potatoes whose value was p dollars were shipped to a com- 
mission merchant to sell, who charged r% for selling or buying. 
With proceeds from the sale of the potatoes he was instructed 
to buy salt. What is the value of the salt he should ship back ? 
Suppose p = 3198 and r = 2^. 

13. If goods that cost $c are sold for $s, what is the rate per 
cent r of gain ? Find rate r when c = 450, s = 531. 

14. Goods that cost c^ were marked to sell at m^, but r'% 
was thrown off from the marked price. What was the actual 
gain per cent r ? 

Given c = 8, m = 12, r' = 16|, to find r. 

15. Three discounts of r%, s%, «% were taken from a bill of 
$ 6. What was the net cost c ? 

Given b = 2250, r = 20, s = 15, « = 8, to find c. 
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16. Find the amount $a of a note of $p which drew simple 
interest at r% for n yr. m mo. d da., assuming 12 mo. of 30 da. 
each to a month. Then find a when p = 400, r = 6, n = 3, m =9, 
d = 13. 

17. Find B's tax $t on $p Worth of property when the total 
assessed valuation is $u4 and the tax to be raised is T, Find t 
when p = 4000, A = 1,946,500, and T = 33090. 50. 

18. Find the insurance premium $p to be paid on a house valued 
at $ ^ when insured for v% of its valuation at an r % rate. A 
carriage factory and stock worth $40,000 were insured for 90% 
of their value at 3^ % . Find p. 

19. What is the bank discount $cZ on a non-interest-bearing 
note for $a if discounted at r %, n days before it is due ? Find 
discount $c2 on a note for $300 discounted at 7% 45 days before 
it was due. 

20. A railroad stock is quoted at n % above par and its annual 
dividends are r % ; what interest rate B is realized by an investor ? 
Suppose n = 28, r = 8, to find B, 

21. What is the duty on n yd. of cloth worth $c a yard, taxed 
at r% ad valorem, plus a specific duty of s^ a yard? What 
would be the duty on 75 yd. of cloth worth $2 a yard, at 55% 
ad valorem, and. 11^ a yard ? 

22. The interest on $« for t yr. and m mo. at a certain rate per 
cent was $i. What was the rate ? Find rate when t = 2, m = 3, 
1 = 69.75, and a; = 620. 

23. The population of a town in 1900 was p and in 1910 it was 
q. What was the gain per cent r ? Make the calculation for the 
following cities : 

P Q 

Cleveland, O., 381,768 660,663 

Atlanta, Ga., 89,872 154,839 

Seattle, Wash., 80,671 237,194 

Los Angeles, 102,479 319,198 

New York, 3,437,202 4,766,883 
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24. A draft on New York was bought at d % discount for $ k. 
What was its face $/? Find / when k = 480 and d = ^. 

25. When a stock is quoted at ^ % below par and pays d % 
annual dividends, how much money %x must be invested to yield 
the purchaser an income of $i annually ? 

Given ^ = 8, d=5, i = 4000. 

♦ 

160. Solution of Literal Equations containing Two Unknown 
Quantities. 

1. Given (1) ax-\'hy=^c\ (2) a'x-[-b'y = c'. 

Solution 

(2i) aa'x 4- ab'y = ac' (I2) ab'x -\- bh'y = b'e (Ax. ?) 

(li) aa'x -I- a'bi/ = a'c (22) q^&x + 6&V = be' (Ax. ?) 

a6V — a'by = ac' — a'c ab'x — a'6x = b'c — be' (Ax. ?) 

^. ^ ac' — a'c .^^ ^ b'c — be' j^„ 

ab' — a'b ab' — a'b 

Verification (1) a • ^'^ " ^^' + b • ^^' " ^'^ = c, 

^ a6'-rt'6 ah' -a'b 

or, a6'c — a6c' -|- a6c' — a'bc = a6'c — a'6c. (Mult. Ax.) 

2. (1) aa;— 6y = 0; (2) x-\-y = c. 

3. (1) a; + ay = 6 ; (2) ax—by = c. 

4. (1) 3aa?-26y = c; (2) a^x-\-b^y = 5bc. 

I 5. (1) p = a + (m~l)cZ; (2) g = a+(n— l)c2; a and d being 
regarded as the unknowns. 

6. (1) -i?_+-J^ = 2: (2) ax-by = ac-bc. 

7. (1) -^ +-% = 2a; (2) w-v = 4a6. 

161. Literal Equations containing more than Two Unknowns. 



(1) ax-\-by = c, 
1. \(2) cx + az = b, (§149,7.) 2. 

(3) bz-{-cy = a. 



' ax -\- by -\- cz = a, 
ax — by — cz=b, 
ax + cy-^bz = c. 
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162. Problems involving the Solution of Literal Equations. 

1. A merchant has two kinds of sugar that he sells at a^ and 
b ^ respectively. He desires to make a mixture of c lb. that will 
sell for c2^ a pound. How many pounds of each kind shall he 
take? 

2. A man distributed aff among n persons, some receiving 6^ 
each, and others c ^ each. How many received b jf each, and how 
many c ^ ? 

3. A was m times as old as B a years ago, and will be n times 
as old as B in & years. Find the age of each at present. 

4. A and B can do a piece of work in a days, or if A works 
m days alone, B can finish the work by working n days. In how 
many days can each do the work ? (See § 146, 9.) 

6. A man invested j9 dollars, part at r%, and the remainder at 
s%. His annual income from both investments was i dollars. 
What was the amount of each investment ? 

6. Two trains are scheduled to leave A and B, d miles apart, 
at the same time and to meet in h hours. If the train that leaves 
B is 5 hours late, and runs at its usual rate, it will meet the other 
train in k hours. What is the rate of each train ? 

7. The average age of A, B, and C is m years. The average 
age of A and B is n years, and of B and C is p years. What are 
their ages ? 



CHAPTER VI 

INVOLUTION AND EVOLUTION 
I. INVOLUTION 

163. Involution is the operation of raising quantities to powers. 

164. Law for Raising Quantities to Powers. Let it be required 
to show that (jr*")" = jr""*, m and n being integers. 

(jr"")" = (xxjr ••• to m factors) x {xxx ••• to m factors) x ••• to n 
times. 
= XX XX • • • to mn times. 

__ mMM 
,— A . 

HeTvcBj to raise a quantity with any integral exponent to any integral 
power y multiply the exponent of the quantity by the index of the power 
for the exponent of the quantity in the resuU, 

165. Raising Monomials to Powers. 

Type form : {x^'/y = x^*/^. 

,1. Square: 3m*; —^a] —6a*"; fa:*; — 3a'6*. 

2. Cube: — 6a^; 3a6c; — 2m^; ^a^hc\ —Sa'^b^ 

I 3. Simplify: (3a6)^ (2xS'x5f; (3x2a)*; (-|6c»)«; (2^x5)*; 
(a'^yp; (arb^cf^f] (22x3^x5)*; (4^ x 5* x 7)«. 

4. Simplify: 3 (2 a?)' (see § 21); 5 (2 x 3 a)X3 6)* ; \{^ay{^bf', 
6(- 3 6)2(- 2 cf ; 2(3 x 4)^(2 x 5)« ; 2(2 a)"(2 by. 

166. Raising Binomials to Powers. Newton's Theorem. By a 
theorem, or by actual multiplication, show that : 

(fl-A)2 = fl2__2flA + Al 

la - by=a^-Za^b + Zab^-l^, 

(fl-A)* = a*-4fl«A + 6a2i^-4flA«4-A*. 

la-by=^a'-ba'b-\-l0a^b^-\0a^b^-^5ab'^l^, 

126 



126 INVOLUTION 

Examining the right members of these equations, we see ; 

(1) That the signs are alternately -h «^<^ — • 

(2) That the exponent of a in the first term in each case is the 
same as the exponent of (a — b) in the left member, and that the 
exponents of a decrease by 1 from t^rm to term ; also that b appears 
first in each case in the second term, and its exponents increase by 1 
from term to term, 

(3) That the first coefficient in the right member in each case is 1 
(understood), and the second coefficient is the sam^ as the exponent of 
(a — b) in the left member ; also that each succeeding coefficient can 
be obtained by multiplying the coefficient of the preceding term by the 
exponent of the leading letter a, and dividing the product by the 
exponent of the other letter increased by 1, 

1. Kaise (a — b) to the 8th power. 

Solution. (o - ft)* = «» - 8 a^h + 28 cfih^ - 56 a^js 4. 70 0*54 

- 56 a^b^ + 28 a^b^ - 8 aW -I- b^, 

2. {a-bf". 3. {m^n)\ 4. {H - K)\ 

5. Kaise 2 a* — 3 6 to the fifth power. > 

Solution, {x — y)* = «* — 53c*y + 10 v^y'^ — 10 xV^ + 5 asy* — y*. 
Then, (2 a^-S by = (2 a^y - 5(2 a2)4(3 6) + 10(2 a2)8(3 6)2 

- 10(2 a2)2(3 by + 5(2 a^) (3 by - (3 by 
(See § 21, 1.) = 32 aiO-240 cfib + 720 a«&2- 1080 a*68 + 810 a^M 

-2436*. 

6. (3m2-5n/. 7. (2mV-l)«. 8. (4m»-|i)^*. 

9. (10 -1)^ 10. (14i)3=(14+i)«. 11. (12J)« 

In cases of raising a sum or difference of two quantities of 
which one is small as compared with the other, Newton's theorem 
furnishes a quickly and easily obtained approximate result, since 
after the first or second terms, the numerical values of the suc- 
ceeding terms diminish rapidly and some or all of the latter 
terms can be neglected. Thus, 

(122|)3= 1228 + ,^ X 1222 X ^ + 3 X 122 X - + — 
= 1222(122 + 1) + 41 nearly, or 1,830,773, 
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12. (100-1)8 13. (IS^y, 14. (23V)*- 

15. (5^y^(6--^\y. 16. (iH)«. 17. 999*. 

167. Raising Polynomials to Powers. This is accomplished by 
changing the given polynomial into a binomial by the use of 
parenthesis, and applying Newton's theorem. 

1. Cube2aH-36 — c. 

Solution. (2 o + 3 6 - c)8 = [(2 a + 3 6) — c]» 

= (2 a + 3 6)8 - 3 (2 a + 3 h^c -f- 3(2 a -f- 3 b)c^ - c^. 
The solution is continued by expanding each term of this result, then mul- 
tiplying and combining terms when this can be done. 

2. (m^-Smn+4:ny. 3. (a"» + «** - 2 c^)'. 

4. Indicate the expansion of (2x — 3y + 4:Z — 5 n)* without ex- 
panding the several terms. 

n. EVOLTTTION 

168. Evolution is the process of extracting roots, that is, of 
finding equal factors of quantities. 

169. Law for Extracting Roots. 

Let it be required to show that -V^^ = oif. 

We have, «w = (xp)9, (By § 164.) 

Then, i/(xp)9 = xp, (Since the qth root of the qth. power of a quan- 
tity equals that quantity, by the definitions 
of power and root, §§ 12, 13.) 

JETence, to extract a root of a qvxintity, divide the exponent of the 
\qvxintity by the index (§ 13) of the root for the exponent of the 
quantity in the answer, 

170. Extraction of the Roots of Monomials. 

Type form: Va^6~^ = fl"*A^.- 
Even roots of positive quantities can have for sign either -f- or 
— and are marked ± (see § 44, 17). Even roots of negative 
quantities cannot be real quantities. Thus, V— 4ar^ is not 2x, 
since (2a;)^= -f 4a^; neither is it ~ 2 .t, since (— 2xy also equals 
-f- 4 a^, and not — 4 ar'. Even roots of negative quantities have 
been called imaginaries, 
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1. V36V. 2. V~64a36«. 3. V32c^. 



4. ^a^b'^c^. 5. V8x3»x6. 6. V-2«x53x7». 



5^X3*' 



171. Square Root of Polynomials. 

Let it be required to derive a process for the extraction of 
the square root of a polynomial from a study of the formula 

Solution, a'^ -\- 2 ab -\- b^ ja + b 
a2 



2a + b 



TaFTW 
2 ab + 62 



How is a, the first term of the root, found ? How is 2 a, the trial divisor, 
found from the first term of the root ? How is b, the second term of the 
root, found ? In what two places is b written when found ? How is the 
operation concluded ? 

1. Extract square root of 4 a;* — 12 a^ -f- 5 cc^ + 6 a? + 1. 
Solution. 4a;* -12^8+ 6x^+6x + 1 | 2a;2-3a;- 1 Am, 
4a* 



4x2-3a; 



(4x2-6x)~l 



- 12ic» + 6a;2 
-12x8 + 9x2 



-4x2h-6x + 1 
— 4x24.6x+l 



Kemark. After two terms of the root are found, to find the next trial 
divisor, the two terms are regarded as one quantity or as a monomial and 
are doubled, giving 4 x2 — 6 x. 

2. 81 ic* - 432 a^ 4- 864 0^ - 768 aj + 256. 

4 

4. Extract fourth root, i.e. square root twice, of a* -f- 8 a?6 + 
24 aV + 32 ab^ + 16 b\ 

5. Make a rule for the extraction of the square root of alge- 
braical quantities, mentioning first the matter of arrangement of 
terms before beginning. 
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6. aJ«H-25a:2^1Qa.4_4aj«-20a^ + 16-24a?. 

7. Va;(icH- l)(«-f2y^T3)Ti = ? 

Solve the two following mentally by getting the first and last 
terms, and then the middle one. Test the answer carefully, pay- 
ing special attention to the sign of the last term. 

8. VaJ*-2aj8H-3iB^-2a;4-l = ? 

9. V9iB*-12ic3H-16a2-8aj4-4=? 

172. Extraction of the Square Root of Arithmetical Numbers. 

1. Extract the square root of 1156. 

Solution. Since 1156 lies between 900 and 1600, its square root lies be- 
tween 30 and 40, i.e. between 3 tens and 4 tens. 

In general counting from the unit's order, each pair of figures, or '* period,'* 
in the number gives one figure in the root, except that the left-hand period 
may have only one figure. Thus, the square root of 1'49 is 12+. The 
periods are usually marked by little lines above and between the figures. 

For guidance in the solution the following formula is used : 
(« + w)2 = t2 + 2 «w + w2 = ^2 4.(2 1 + u)u. 

Notice in the last expression that 2tia the trial divisor, and 2t + uis the 

complete divisor. The process at the right below is just like that at the left. 

That at the left was explained in the last article. 

t -{-u 

«2 + 2 «M + u2 \t + u 11'66 I 30 + 4 

«2 «2= 900 



2t + u 



2tu + u^ Trial divisor = 2 t = 60 

2tu-\-u^ u= 4 



256 
2 56 



Complete divisor =2t -\- u = 64: 

2. Extract the square root of 43,347.24 and prove answer. 

Solution. 4'33'47'.24 | 208.2 
4 



408 



33 47 
82 64 



4162 83 24 

83 24 (208.2)2 = 43347.24 by actual multiplication. 

Explanation. In the solution to Ex. 1, the ciphers were retained to 
make the process clear. In this solution no cipher is ' written that is not 
essential to the solution. 
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When the first figure of the root is doubled for trial divisor it is under 
stood to be 40, though no zero is written after 4 at first. Now 40 is not con 
tained in the period 33 brought down, so is written in the root and afte: 
4, and a new period, 47, is brought down. Next, 40 is understood to be 4( 
tens or 400. This 400 is contained in 3347 eight times. When the decima 
period is brought down, the decimal point is inserted in the root. 

3. 14,356,521. 4. 33,790,969. 5. 16,803.9369. 

Solve the following, getting three decimal places in the root) 
and prove answers by squaring the root and adding in remaindei 
thus getting given number. 

6. 2.5. 7. ^V ^- •^^- 9- '^' 

a. Every sequence of figures has two square roots due to the position oi 
the decimal point. Thus V25 = 5 ; V2.6 = 1.6-. This shows importance of 
pointing off number into periods correctly, commencing at decimal point. 
Notice vC5 must be written V.60 to get results correct. It is important to 
check the square root of decimals by multiplication, especially when first be- 
ginning the subject. 

10. Make a rule for extracting square root of arithmetical num 
bers, explaining carefully exceptional cases. 

11. 2. 12. .056. 13. f 14. .00003. 
Solve following mentally, getting one decimal place in root: 
15. 2. 16. 3. 17. .5. 18. 209. 

* 173. Extraction of Cube Root of Algebraic Quantities. To derive 
a process for the extraction of the cube root of polynomials from 
the formula : 

(a + 6)8 = a8 + 3 a^b + S ab^ + b^ = a^ +(Sa^ + Sab + b^)b. 

Solution 
a^+Sa^b + 3a62 + b'i \a-\.b 
a^ 



3 a2 + 3 a6 -f 62 



3a26 + 3a62 4.ft8 
3q26-f 3a62 + 68 



How is first term of root found ? How is trial divisor 3 a^ found from 
first term of root ? How is second term of root found ? What two terms 

♦This subject is often omitted. It is not required for college entrance. 
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» 

tre added (annexed) to the trial divisor to make complete divisor ? Explain 
precisely how they are obtained. How is process completed? Is it im- 
portant that the terms be arranged before beginning ? 

1. 8a:\+66a;*-63ar' + 33a^-9a; + l-36a«. 

Solution 
8a^ - 36x5 + 66x* - 63*8 + 33a;2- 9a; + l|2^j3_8£+_l. 
8x« 



12a^- 18x8 + 9x2 



-363c6 + eox*-63x8 
- 36x6 + 64 «*- 27x8 



12 X* — 36x8 + 27x2 

6x2- 9x 

+ 1 



12x* — 36x8 + 33x2- 9x + l 



I2x*-36x8 + 33x2-9x + l 



12 X*- 36x8 + 33x2 -Ox + 1 



Explanation. 1st trial divisor = 3(2 x2)2. 

2d trial divisor = 3(2 x2 - 3x)2. 
8(2x2 -3x) X l=6x2-9x. 
12=1. 

2. aj»-24aj2 4-192a;-512. 

3. af^^Sa^y-{-6aiY'-7x^f-^6ix^y*'-Sxy^ + f. 

4. 8a:« + 48car'4-60c2a;*-80c»««-90cV-f-108c«x-27c« 

5. Make a rule for finding the cube root of algebraical quantities. 

6. 39a^-99aj»-9ar' + a^ + 64-144a;H-156«l 

7. Find the first three terms of the cube root of 1 — a?. Prove 
by cubing root (§ 167) and adding remainder. 

^174. Extraction of the Cube Root of Arithmetically Expressed 
numbers. 

1. Extract cube root of 405,224. 

Solution. Since 405,224 lies between 343,000, which is the cube of 70, 
and 612,000, which is the cube of 80, the cube root of 405,224 lies between 
7 tens and 8 tens. In general, counting from unit's order, each set of three 
figures or ** period" in the number gives one figure in the root, except that 
the left-hand period may have three or two figures or only one figure. Thus, 
the cube root of 1 728 is 12. 

♦ This subject is often omitted. It is not required for college entrance. 
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Solution with Explanation 

t-\-u 
405'224 170 + 4 
«8 = 343 000 



Regular form of Solutio 



3 <2 = 14700 


62 224 


Stu= 840 




m2= 16 




15556 


62 224 



3 X 702 = 14700 
3x70x4= 840 

42 = 16 

15656 



405'224 [74 
343 
62 224 



62 224 



2. Extract the cube root of 232435.510 to one decimal plac< 
and prove answer. 



Solution. 232^435/510 | 61.4 
216 



Explanation 

3<2 = 3x602= 10800, 

3 tu = 3 X 60 X 1 = 180, 
tt2 = 12 = 1^ 

3«2=3 X 6102 = 1116300, 
3«u = 3 X 610 X 4 =7320, 
tt2 = 42 = 16. 



959.966 Check. (61.4)8 ^ 969.966 = 232436.610. 

The answer to the nearest tenth is 61.6, since the next figure of the root 
after 4 would be more than 6. 

3. 12,167. 4. 12,812.904. 5. 167.284151. 

In the following get 2 places in the root and verify : 



10800 

180 

1 

10981 


16 436 
10 981 


111630 
732 

1 
112363 




6 

►6 


5454.610 
4494.644 



6. 3. 



7. 0.2. 



8. 



1 



9. Write out a rule for cube root, including peculiarities. 

In following get answer to nearest tenth mentally : 
10. 10. 11. 37. 12. 150. 

175. Symmetry in Algebra. A quantity is symmetrical if the 

letters in it can change places without changing its value. 

Thus, a^-f 4a% + 6a262-h4a6^ + 6* is symmetrical, as is the 
sum of a and b raised to any integral power, since a and b can 
interchange without altering the value of the expression. 

Similarly, a^ + y^ x^ ±xy-\^y^, ^\'^!^\ etc., are all symmetrical 

2ab 
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m. ABRIDGED MULTIPLICATIONS AND DIVISIONS 

*176. Abridged Multiplication. Every one who has used the 
regular process of multiplication of decimals has felt at times 
lihat a portion of the work was wasted. 

In the Arabic language, as in the Hebrew, the writing extends 
from right to left. This accounts for calculations in the Arabic 
aotation proceeding from right to left instead of from left to right 
as in our reading. But there is no reason why we cannot begin 
multiplying by the highest order instead of by the lowest.f 

1. Multiply 172.181 by 163.56, getting the product correct to 
one decimal place. 

Solution Explanation. The multiplier is set under the multipli- 

172 18 1 ^^^^ ^^1* ^^^ decimal point under the other. We multiply 

163 56 ^'^ ^y ^' which is here 100. This moves the decimal point 

17218 1 ^^ ^^® product two places to the right of where it now is 

10330 86 ^" multiplicand, bringing the right-hand figure of the product 

516*54 ^^ tenths' place. Next we multiply by 6 (60) , starting this 

gg rvQ product one place to the right of the product just set down. 

10 33 Now, to get tenths in the answer correct, hundredths 

28161 9 should be kept. But, multiplying by 3, one gets thousandths, 

which figure need not be written down. We therefore insert 
a little mark before the last figure in the multiplicand, and say, 8 x vl = .3, 
giving nothing to carry. Then, 3 x 8 = 24 ; the 4 is set down under 6, and 
from there on it is ordinary multiplication. When we multiply by the 
next figure, 5, another figure is cut ofE in the multiplicand, and we say, 
5 X v8 = 4.0, giving 4 to carry ; 5 x 1 = 5 ; 5 and 4 to carry are 9. This 9 is 
set down under 4 in hundredths' order ; and so on. 

In adding we do not write the hundredths in the answer, but merely find 
the number to the nearest ten to carry from the last column. 

2. Rule for abridged multiplication. 

(1) Set the multiplier under the multiplicand as if for addition, 

♦This subject is treated here because it is not found in many arithmetics. 
Pupils should accustom themselves to performing multiplication of decimals as 
here explained, because time is saved and the process is more rational than the 
asual one. 

t In the *' Encyclopaedia Britannica " (11th Edition) under the title ArUhmetic^ 
will be found a discussion of this question of the order in multiplication. 
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(2) Multiply first by the left-hand figure of the multipU 
If the first multiplier figure is units, set the right-hand figure of tM 
paHial product directly under the rigM-hand figure of the mvlti 
plicand. If the first figure is not units, move the product to tht 
left or right as many places as the figure is to the left or right of units 
and proceed in the same way with the other multiplier figures. 

(3) One more decimal place in the product should he kept than 
is asked for in the ansiver. As soon as a multiplier figure give^ 
an order lower than the lowest to be kept, the right-hand figure of the 
multiplicand is cut off by a little mark, and when this figure ii 
multiplied by the multiplier figure, the product is not set down, but 
the tens, to the nearest unit, are candied, and added with the prodv/A 
of the next figure of the multiplicand by this multiplier figure. 

In the next partial multiplication, another figure is cut off at the 
right of the multiplicand, and the multiplication proceeds in the 
same way ; and so on, 

(4) In adding, the sum in the right-hand column is not set down^ 
but the nearest number of tens is carried, 

3. Multiply 6.7421 by 4.7825, getting tenths correct. Check 
by ordinary multiplication. 

4. Multiply 6.9321 by 4.7825, getting hundredths correct 
.Check. 

5. Multiply 65.324 by 63.412, getting tenths correct. Check. 

6. Multiply 264.72 by 34.621, getting tenths correct. Check. 

7. If the pupil will now compare the usual solutions with the 
abridged solutions, he will see that he can draw a vertical 
line through the usual solution cutting off one part and having 
left the abridged solution, but with its right column somewhat 
changed by carrying. 

8. Find the compound interest, correct to the nearest cent, on 
$ 729.38 for four years at 6 % if the interest on $ 1 as given in 
a table is $.26247X: 

9. Find the compound interest amount on $867.93 for 7 yr. 
6 mo. if the rate is 5 % and the interest is compounded semi- 
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annually, if the compound interest table gives $1.448298 as the 
gmount on ^ 1 for the given time at the given rate. 

10. Find the cost correct to cents of 41,654 ft. of lumber at 
$18.75 per M. 

' 11. Find the cost of 6347 lb. of coal at $7.25 a ton. 

177. Abridged Division. 1. A stock that pays 7.5% annual 
dividends, that is, $7.50 per share of $100, costs, including 
brokerage, $164,375. Find the rate of interest realized correct 
b four decimal places. 

Solution Explanation. .The decimal point is moved three 

QA^Q places to the right in both divisor and dividend, which 

16v4v3v75"T75DtrOo — ^ equivalent to multiplying each by 1000, thus leaving 

6^5 ^^^ quotient unaltered. This makes the divisor a 

"EoK whole number, places the decimal point in the quotient 

goo immediately over that in the dividend, and the first 

Tqo significant figure of the quotient over the last figure 

98 of the dividend used to get it when all figures of the 

divisor are used. 

The order of the first significant figure in the quotient is thus hundredths. 

his leaves two figures of the quotient still to be found. If we wish 2 figures 

aly to appeaf in the divisor at the end of the division, and one figure is cut 

ff from the divisor each time as we get the two remaining figures of the 

iiotient, then four figures will be all we shall need in the divisor when 

e begin the division. Consequently 76 is cut off, thus,v76, before be- 

inning to divide. 

The operation of dividing proceeds as follows : 4 x .7 = 2.8, giving 3 to 
le nearest unit to carry ; then 4 x 3 -f- 3 = 15, the 6 being set down and 1 
irried ; then the operation continues as usual. In this way we get 6575. 

To get the next figure of the quotient, the 3 in the divisor is now cut off 
p- a mark. Then we say 5 x .3 = 1.6, giving 2 to carry ; 5 x 4 -f- 2 = 22, 2 
iing set down and 2 carried ; in this way we get 822. In the last opera- 
on, 4 is cut off, and we begin by saying 6 x .4 = 2.4, which gives 2 to carry ; 
len 6 X 6 + 2 =38, or 8 down and 3 to carry ; 6 x 1 + 3 = 9. 

2. Rule for Abridged Division. (1) Make the divisor a whole 
itmber without zeros at its right, by moving the decimal point, 
fove the decimal point in the dividend the same number of places 
ad in the same direction as in the divisor. 

COL. 2d c. — 10 
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(2) Place the fiecimal point in the quotient immediately over tha 
in the dividend, and the first significant figure in tJie quotient ove 
the last figure of the dividend used to get it if all the figures of tk 
divisor were used. 

(3) To the number of figures in the quotient yet to he foum 
add 2. Tliis gives the number of figures needed in the divisor 
Cut off with mark any excess over this at the right of the divisor 
If there is no such excess at the beginning of the operation, test fo 
such excess as you proceed, using the rule just given. 

(4) Each time multiply the left-hand figure of those cut offbyth 
figure of the quotient and carry the tens of the product to the neares 
unit, but do not set down the units. In each successive division 
thereafter cut off a new figure at the right of the divisor. 

3. Divide 163.27 by 48.613, getting three decimal places in th< 
quotient. 

4. Divide 267.46 by 23,740, getting three decimal places h 
quotient. 

5. Find the present worth of $ 258.19 due in 9 mo. and 14 di 
at 6 %, that is, divide 258.19 by 1.04733 +, getting answer correc 
to cents. 

6. A man bought a stock of goods for $ 12,674.29 and sold i 
for $ 14,695.18. What per cent, to the nearest tenth, did he gain 

7. How many bushels, to the nearest hundredth, are there ii 
66,374 cu. in., if 1 bu. contains 2150.42 cu. in. ? 

8. What principal, to the nearest cent, will amount to $ 766.2i 
in 2 yr. 8 mo. 17 da., at 6 % ? 

9. What is the diameter of a circle, to the nearest tenth, whoa 
circumference is 65.8 in., if ir is taken equal to 3.14 ? If 65.832 
is circumference, and ir is taken equal to 3.1416 ? 

10. What is the width of a rectangle whose length is 16.8 rd 
and whose area is 818.19 sq. yd., getting answer to nearest tent 
of a yard ? • 
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«. PRACTICAL APPLICATION OF INVOLUTION, EVOLUTION, AND 
ABRIDGED MULTIPLICATION AND DIVISION 

178. Solution of Problems by the Use of Involution^ Evolution, 
liltiplication, and Division. Formulas. 

1. Calculate in the quickest way 2^ x 32 + 2 x 3*4-2^ X 3« 
f- 2 X 3* by taking out the common factor. 

2. Calculate 18^ + 15^ + 6^ + 9» + 36^ by changing each quan- 
\iy into the product of its prime factors with exponents and then 
iking out the common factor. Thus, 18^ =(2 x 3^)2 = 2* x 3* ; etc. 

3. Write as the product of their prime factors raised to 
owers, each of the following : 54^; 125«; 24*; 108' j 36*. 

4. (a-h6H-c)«-h(a-&-c/ = ? See § 68. 

5. (x + y^zy-(x^y-^zy = ? 6. (a - 6)2(6 - a)» = ? 

1 7. Pind the area of a square whose side is 6.05 ft., correct to 
mths. See § 63. 

I 8. Find the volume of a cube whose edge is 8^ in., correct to 
fro decimal places. § 166, 11. 

9. Find the area, correct to tenths, of a circle whose radius is 
l^ in. from the formula a = 7rr*, using 7r = 3.1416. (See § 88 
)r square of number + ^.) 

10. Find the volume, correct to hundredths, of a sphere whose 
lameter is 4.02 from the formula v^^ircP. 

11. Find the surface, correct to hundredths, of a sphere whose 
idiiis is 3^ m., from the formula s = 4 ttt^. 

12. Find the volume correct to hundredths of a cylinder whose 
[titude is 3.875 ft. and radius of base 2.268 ft., from the formula 
= Ttr^h, in which r is the number of feet in the radius of base and 

the number of feet in the altitude. 

13. Find the volume correct to hundredths of a cone whose 
Ititude a is 20.5 cm. and radius of its base 144 cm., from the 
)rmula v = ^ ^rar*. 
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14. Find the area correct to hundredths of the triangle whoe 
three sides a, 6, c are respectively 8, 9, 13 in. from the formula 



A = VK^ - a)(8 - b)(8 - c), (See § 89.) 
in which 

Solution. a = J(8+9 + 13) = 16; s-a = 7; « — 6=6; a-c = 2. 



Then ^ = \/l5 x 7 X 6 x 2 = Vl260 =86.6-. ^»«. 

Check. 36.62 = 1260.25. 

15. Find the areas correct to hundredths of the foUowinj 
triangles in same way : a = 10, 6 = 12, c = 14 ; a = 1.6, b = l.£ 
c = 2.1; a = 346, 6 = 579, c = 722; a = .06, b = .053, c = .01^ 

16. Find the hypotenuse correct to hundredths of a right tr 
angle whose two legs are 6.21 ft. and 9.42 ft. from the formul 
h = Va^ H- b'. 

17. Find one leg of a right triangle whose hypotenuse is 7 



in. and other leg is 4J in. from the formula a = VA'^ — 

18. Find the time of falling correct to tenths of a second froi 

— , knowing the distance to be 168.2 ft. an* 

9 
g = 32.2 ft. 

19. Find the surface correct to two decimal places of a cub 
whose volume is 168.2 cu. ft. 

20. Find the surface of a sphere whose volume v is 19 cu. fl 
from the formula s = V36 irv^. 

21. The volume v of a spherical segment or part of sphere in 
eluded between two circles in parallel planes whose radii are 
and r' and whose altitude h is the perpendicular distance betwee: 
the parallel planes is given by the formula 

Find V when r = 6.1, r' = 8.2, and h = 1.08. (See § 166, 11.) 
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22. Find the length of a perpendicular from the right angle to 
(he hypotenuse of a right triangle if it divides the hypotenuse 
Fhich is 10 ft. long into segments one of which is .6 ft. longer 
ban the other. 

Suggestion. Solve first for x and y, the segments of the hypotenuse. 
5ee § 51. 

23. By measurement the distances on a line drawn from a 
point outside a circle to it are 12.7 ft. to the nearest point of the 
ircumference and 19.6 ft. to the farther point on the circumfer- 
mce. What is the length on the tangent to the circle from the 
Kven point measured from the point of tangency to the given 

oint ? 

24. If AB is the chord of a circle whose radius is B, and AB 
s the chord of half the arc AB, then, by geometry, 

[f the radius of a circle is 8 ft. and the chord AB is 2 ft., find AD, 

25. If AB of preceding Exercise is one side of a regular hexa- 
gon inscribed in a circle whose radius is 1 ft., then AD is one side 
)i a regular inscribed 12-agon. Calculate the perimeter of the 
egular 12-agon after first calculating one of its sides by means of 
he formula in Ex. 24. (See § 51, 21.) 

26. Using the value of AD found in Ex. 25 calculate one side 
>f a regular 24-agon inscribed in a circle whose radius is 1 ft., and 
hen find its perimeter. 

27. Explain, now, how the formula of Ex. 24 can be used to 
ind an approximate value of tt. 



CHAPTER VII 

FRACTIONAL EXPOITENT QUANTITIES AND RADICALS.'^ 
I. FRACTIONAL EXPONENT EXPRESSIONS 

179. Formulas Giving the Laws for Integral Exponents. 

1. Addition and subtraction formulas : 

fljr" -h *jr"» = (a -h *)jr"» J ajr"» — *jr"» = (a — A)jr-. (§35.) 

2. Multiplication formula : jr"* X Jr" = jr'*'*'*. (§ 42.) 

3. Division formula : jr** ^ jr* = jr** " ; — = jr"*~*. (§ 48.) 

4. Power formulas : (jr"')'* = jr"** ; (jr/z)* = jr'y^z*. (§ 164.) 

5. Root formulas : -y/jr^ = jr « j -y/xy = jr«/». (§ 169.) 

180. Meaning of Fractional Exponents. Integral exponents we 
defined in § 11. We are now to determine a meaning for fra 
tional exponents. Such definition will naturally have to agr 
with the definition and formulas for integral exponents, since i 
tegral exponents are merely special cases of fractional exponen 
having the denominator 1. 

If we let the laws of § 164 and § 41 hold true for fractional € 
ponents, we have : 

(x^y=zx^ = x; x^ Xx^ = x^'^^ = a^ = x, 

Thus, x^ is the square root of x, since it is one of two equal fi 
tors whose product is x. (See § 13.) 

Again, {x^f = x^ = x\ x^ xx^ x a;i = a;i+i'^i = a^ = aj. 

• Throughout this chapter many prohlems can be solved mentally and shoi 
be so solved. 

140 
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Thus, »' is the cube root of x, since it is one of three equal fac- 
tx)rs whose product is x. 



m tnn 



In general, (jr**)" = jr* =jr"'; 

m m 

4^ X jr" X jr** X ••• to n factors = jr"' "' ** =jr*' = jr**. 



fW }R ft^ fIJ . in . fl» . . w%f» 

H — I — hto n terms 



m 



Thus, jr* is the nth root of jr"*, since it is one of n equal factors 
rhose product is jr**. 

We are therefore led to attach the following meaning to a f rac- 
fional exponent : 

The numerator of a fractional exponent denotes the power to which 
9ie quantity of which it is the exponent is to he raised, and the 
iencyminator denotes the root to be taken of this result. 

The student will see this more clearly from the following ex- 
amples; -y/a* = a^ = a^'^ ^v^=a;* = a^; ^/b^ = b^ = b^; then 
■y/a^ = a*, and a' means the cube root of the 7th power of a. 

181. Exercise dealing with Quantities having Fractional Ex- 
ponents. 

1. Calculate 8^. 

SoLUTioi^. 82 = 64 ; v^=4. Ans. Or, \/§ = 2 ; 2^ = 4. Ans. 
Evidently it is easier to extract the root first. 

Another Solution. 8* = (2^)* = 2^ = 4. Ans. 

Here the number is first expressed as the power of a prime. 

a. To extract the root of a fraction extract the root of each term. 

Thu8,Jf=| f«V=«:. 

^9 3 \b) I 

2. Calculate: 4*; 16*; 27*; 4^; 9*; (|)*; (-^)*] (ifr)*; 
I 1 

(a*)-; (af^y. 

3. Calculate: 16*; 16*; 49*; (36)* ; (i)* 

4. (9m*-30m2w4- 25n2)i=? 

5. (a«-6a26 + 12a62-868)* = ? 
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6. Express with fractional exponents: -y/x^ [Ans, x^)\ Vo*; 

7. Express with radical signs : x^\ a*; p^\ ^z^, 

8. Calculate 243? ; 36*; 9^; 81*. 

182. Principles underlying Operations with Quantities containing 
Fractional Exponents. 

I 

We know that (abcf — a^6V; (ahcf = a^6V; etc. The questior^ 
arises, is it likewise true that 

((ihc^ = (jtS^i^ \ (abc)^ = a^b^c^ ; etc. ? 

Or, stated generally, is it true that 

I 111 
(1) (a6c.-.)" = a"6'*c'*.--? 

Now we can test the truth of this equation by raising both 

sides to the nth power by the power axiom (§ 57). We have 

1 

[^(abc ••• yY = abc ••• . (By the definitions of 

root and power.) 
Ill 111 

and {a*b''c'' ... )»== (a*)"(6")'»(c'»)*' ... 

=^abc"*, (By the definitions of 

root and power.) 

Thus, we see that raising the two members of equation (1) to 

the same power gives equals. This, however, does not prove that 
1 111 

(a5c ..•)"= a" 6"c" ..., since in algebra unequals raised to the 
same power may give equals. For example, ( — 2)^= -|-4, and 
(-j-2)^= 4-4; but this does not prove that —2 equals -|-2, for 
they are not equal. 

If, however, we limit the roots considered to arithmetical values, 
that is, to positive numbers, then it is always true that if two 
numbers raised to the same power give equals, they are equal. 

Hence, with the limitation in meaning stated, we have 

1 111 
{abc •••)" =a"6'*c** •••. 

Changing this formula into a principle, we obtain: 
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1. Fundamental Principle. The arithmetical root of a product is 
equal to the product of the same arithmetical roots of the several 
favors, and conversely. 

By means of this principle any factor within a sign denoting a 
root may be removed outside the sign provided the desired root 
of the factor can be extracted. 

For example, 12* = (4 x 3)i = 4* x 3* = 2(3)i 
By means of this principle also like roots of quantities can be 
multiplied together. Thus, 6i x 5^ = 30i. 

2. If both terms of a fractional exponent are multiplied by the 
same number, the value of the quantity is not changed. 

This principle holds, likewise, only for arithmetical roots. 

For, while 9^ = 9, 9^ may equal either -f- 9 or — 9, since the 
square root (denoted by the denominator 2 of the exponent) may 
be either positive or negative. 

3. A quantity with a fractional exponent may have its value cal- 
culated either by raising to the power first and extracting the root 
afterwards, or vice versa. See Ex. 1, § 181. 

This principle also holds true only for arithmetical roots. 
Thus, 25^ = (625) i = ± 25, while (25*)^ = (± 5)^ = + 25 only. 

183^ Proofs based on principles of § 182 to show that same laws 
govern the use of fractional exponents as governed integral ones. 

1. Proof that in multiplication the exponents of like factors are 
added, 

m p 

Let x^ and a^ be any two quantities with fractional exponents, 
x being any quantity, and m, n, p, q being integral numbers. 

m p mq np 

Then, a?" x o^ = a;"« X x"^ (§ 182, 2.) 

LI 

= (xT^)"^ X (a;"^)"' (§ 182, 3.) 

2_ 

= {x"^ X a;~^)"* (§ 182, 1.) 

j_ 

= (aj"»«+"^)"« (§ 42.) 

mq+np 

= x~^. (§ 182, 3.) 
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But Mdt^ is the sum of the exponents ^ and £• 
nq n q 

Hence the rule to add the eaponents of the same letter in the fac- 
tors for the exponent of this letter in the product holds for fractional 
as well as for integral exponents, 

2. Derive the corresponding rule for division. (See § 48.) 

3. Proof that in raising a qtiantity to a power the exponent, of the 
quantity is multiplied by the index of the power for the eaponent of 
the quxintity in the result, 

2 p 

Let a* be the given quantity and - be the exponent, a being any 
quantity and m, w, p, q being integral numbers. 

Then (a« ) « = ([(a") ~^yy (By § 182, 3.) 

^ , , - , (Since the ath root of the 
^^ y -i nth root means the ngth 

root by the definition of 
root, § 13, the n^th root 
being one of q equal 
factors of one of the n 
equal factors Of a"*.) 



_1 
e[(a"')']"« 


(By § 182, 3.) 


_i 


(Since the pth power ot 
the 7nth. power is the 
mpih power, § 164.) 




(By § 182, 3.) 



But —^ is the product of the exponent of the quantity and 
the exponent of the power. 

Hence the rule to multiply thejjponent of the quantity by the ex- 
ponent of the power holds for ffaMonal as well as integral exponents. 
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184. Exercise in performing Operations involving Quantities having 
Fractional Exponents. 

Work mentally the first ten and as many more as possible. 

1. Simplify 3 a^ x — 5 a*. Ans. — 15 a^K 

2. 9a^bxS aHK 3. 3 m^n^ X 6 m^n^p. 4. a^bh^ X a^bcK 

5. a"Xa«xa*. 6. 12 x^yh^ -i- --2 x^yK 7. 6 a;* -i--2 «*'. 

1 Remark. Notice that just as (ab)^ = a^ft^ so here 

8. (Sa^y. 1 1 ^ 
^ ^ (3 a*)» = 38 X (a^)». (See § 182). 

9. (9a^)*; (SJ)^. 10. (a*)*; (-4ai)«; (-.27a*)*. 

11. (a;i ^xi + 2xi + S) (a^ - 2). (§ 39, III.) 

12. (x — y)'^{xi'-yi); (a* + a* + 1) (a* — 1). 

13. (xi •^6yi)(xi + 5 y^). (§ 66.) 

14. (x^ + yif; (a*-5 6*)8; (3m*-2n*)*. 

15. From the sum of 5 ax^ — (x-\- y)^ -{-(a — 6)* and — 7 tio: 
f- 2 (aj H- 2/)* - 3 (a - 6)* take 3 oa;* 4- 4 (aj -h 2^)* - 5 (a - 6)*. 

16. Calculate 36^* + 4^* - lOO^-^ - 8P'«. 

17. Find the product of (f )*, (^^)\ and {^£f . 

18. Divide x^ -{- x^y^ + y^ by «« + ic^y* + y^. 

Qaa Alt M 4ft 

20. V(l + 4a;*-2a;*-4a: + 25aj*--24a;4H-16ar^ = ? 

21. Factor a^ - 1 (§ 70) ; a^^ab-\-b^ (§ 80, 16). 

22. (a;?-9a; + 33a;*-63a:^ + 66a;*-36a;i+ 8)* = ? 

23. Expand (»* — 4)(a;* + 5). 

24. Expand (a?^ -f 4 2/»)(a;» — 4 y*). 

25. Expand (aj^ — 2 y ^ )\ 

26. Expand (aj* — 2 j^i — 3 »*)*. 
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185. Meaning of Zero and Negatiye Exponents. 

1. Zero exponents arise naturally in division when a letter 
has the same exponent in both divisor and dividend. 

Thus, af* ^ 0^ = af»-'» = a^. (§ 48.) 

But af» -*- af" = 1. 

Hence, if the rule for subtracting exponents is to continue to 
hold, we must take a^ = 1. (§ 57, 8.) We have then this impor- 
tant result : 

2. Theorem concerning Exponent. Any finite quantity with ex- 
ponent is eqical to 1. 

The meaning of this theorem is understood better if we think 
of aP as being associated with other factors. 

For example, — -^- = — — = — ^ • 

mruv uv uv 

The exponent shows that x is used no times as a factor of 
the product, or has dropped out and so does not affect the prod- 
uct of the other factors, a;^ cannot have the value 0, for that 
would make the whole expression 0, and it is not 0. 

3. The meaning to attach to negative exponents can be ob- 
tained from that for zero exponent. We have 

af* X a;""* = »"•"'■< ~"*^ = ixp = l. (As just shown). 
• Or af" X a;-'* = 1. (Things equal to same thing 

are equal to each other.) 

Then a;""» = — (Division Axiom). 

Thus, we are led to take a quantity with a negative exponent to 
mean the reciprocal of the same quantity with a positive exponent 

If 6"^ = —, and c~' = — , as just laid down, 

(J c> 



(§ 106.) 







1 


a 






a X 








a&-2 




6' 


f)' 


ae^ 


c-^d 




d 


d 
c" 


¥d 
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Here we see hr^ in the numerator of the first fraction become 
h^ in the denominator of the last, and c"* in the denominator of 
the first fraction become c^ in the numerator of the last. In this 
way we get the following theorem : 

4. Theorem concerning Negative Exponents. Any factor can he 
transferred from the numerator to the denominator or from the de- 
nominator to the numerator of a fraction provided the sign of its 
exponent is changed. 

186. Exercise in Using Zero and Negative Exponents. 

Write the values of the following : 



1. 10^ 2. 1000<>. 3. a'^b^'c. 4. 



4aj2y8 



Express the following with positive exponents : 

5. 2a-^b, 6. m-^n-K 7. dah"^. 8. 10a"*6*. 

Write the following fractions without denominators : 

9. -• 10. ^-:« 11. -• 12. 



(a) When no denominator is written, 1, of course, is understood. When 
all the factors of a numerator are transferred to the denominator (as in Ex. 
6), the factor 1 is understood to remain in the numerator 

187. Rules giving the Laws for Exponents whether Integral, Frac- 
tional, or Negative. 

1. In addition f add the coefficients of similar quantities. The ex- 
ponents in the literal part remain unchanged, 

2. In multiplication, add the exponents of the same quantity in 
the factors for the exponent of this quantity in the product, 

3. In division, subtract the exponent of a factor in the divisor 
{denominator) from the exponent of the same factor in the dividend 
(numerator) for the exponent of this quantity in the quotient 

4. In raising to powers, multiply the exponent of a factor quantity 
by the index of the power to which it is to be raised for the exponent 
of this quantity in the answer. 
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5. In eoctracting roots, divide the eocponent of a factor quantity by 
the index of the root for the exponent of this quantity in the answer, 

6. Any finite quantity with exponent is equal to 1. 

7. Any factor of the numerator or denominator of a frojction can 
he transferred to the other term of the division by changing the sign 
of its eocponent. 

188. General Exercise in the Simplification of Quantities involving 

Fractional and Negative Exponents. Answers are to have only 

positive exponents. Solve as many as possible mentally. 

In solving numerical exercises write quantities as powers of prime factors, 
and then, after simplifying, change all negative exponents to positive ones. 

Thus, 8-*= (2»)-* = 2-2 = 1 = 1. 

1. 16*. 2. 81*. 3. 100"^. 

4. 625®-^. 5. x^ X x^. 6. m* X mi 

7. (ai)i 8. 16~i. 9. a X a"*. 

10. (a^6"^)*. 11. 100-^. 12. 4ai-^2a"^. 

16. ((a-*)*)*. 17. (xyy+'-^afi/'. 18. (a^ — ay. 

19. (a -6) -J- (a* -6*). 20. (»* + 2 a;"i + 1)^ 

23. (a'^^a'^y* 24. 8"*-i-256"l. 

25. ^^" ~ ^ , X m'\ 26. Square a* -h fei — ci 

27. 12« + 4* - 9-* + (- 64)-i + 27*. 

28. (aj"J -f 2 a;"i + 4 a;"* + 8) («-* - 2). 

The table at the top of the next page will be found convenient 
for reference in simplifying and evaluating radical quantities, 
and evaluating the roots of quadratic equations. 
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TABLE OF POWERS AND SQUARE ROOTS 













» 




X 

1 


a:2 


»8 


aj* 


flps 


afi 


^i 


1 


1 


1 


• 

1 


1 


1.000 


2 


4 


8 


16 


32 


64 


1.414 


3 


9 


27 


81 


243 


729 


1.732 


4 


16 


64 


256 


1024 


4096 


2.000 


5 


26 


125 


625 


3125 




2.236 


6 


36 


216 


1296 


7776 




2.449 


7 


49 


343 


2401 






2.646 


8 


64 


612 


4096 






2.828 


9 


81 


729 


6661 






3.000 



X 

10 


xi 


3.162 


11 


3.317 


12 


3.464 


13 


3.606 


14 


3.742 


15 


3.873 


16 


4.000 


17 


4.123 


18 


4.243 



x 
19 


xi 


4.369 


20 


4.472 


21 


4.683 


22 


4.690 


23 


4.796 


24 


4.899 


25 


6.000 


26 


6.099 


27 


5.196 



II. RADICAL EXPRBSSIONS 

189. Radical Quantities. An indicated root of a quantity is 
called a radical quantity, or a radical Thus, V5, 2* are radical 
quantities. In 4\/'5a, or 4 (5 ay, 4 is the coefficient of the radical, 
3 is the index of the root, and 5 a is the radicand. 

E.adical quantities may be either rational, as V25, VJ, or 
irrational, as V7. A rational quantity is the ratio of two integral 
numbers. An ii^ational (or surd) quantity cannot be the ratio of 
two integral numbers. 

Rational quantities, as ^, f , ^j^, give rise, when the numerator 
is divided by the denominator, to either integers, finite decimals, 
or repeating decimals, that is, to decimals that repeat certain sets 
of figures. Thus, -^^j = .135135135 • • • ; ^ = .428571'428571 .... 
When dividing by 7, after ciphers begin to be annexed to the 
dividend, the possible remainders are 1, 2, 3, 4, 5, 6. When such 
remainders are all exhausted, the figures of the quotient must 
repeat in the same order. 

Irrational quantities, on the other hand, never give rise to deci- 
mals like the preceding classes, but to decimals which do not end 
and which do not repeat the figures in regular order. An irra- 
tional number and unity have no common divisor, that is, are 
inco7n'inensuraI>le, 
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In particular, it can be shown by the continued division process 
(§ 94) of finding the greatest common divisor that the diagonal of 

a square and its side, whose ratio equals V2 : 1, 

are incommensurable. By the process of § 172, 

we have V2 = 1.4142+. * 

The student can get a fairly good idea of the 

different kinds of numbers, — positive, negative, 
I integral, rational, and irrational from the follow- 

ing diagram, on which the length V2, from to the point indi- 
cated by the arrow, is found from the length 1 on this scale by 
obtaining it as the diagonal of a square whose side is 1. 
The diagram shows negative numbers as extending 
downwards from 0, and positive numbers upwards from 
0; it shows also the integral numbers 1 and 2. The 
decimal division numbers also are examples of rationals, 
and ■\/2 is an example of an irrational number. 

To see the difference between rational and irrational 
numbers, we observe that V2 gives rise to a never end- 
ing series of decimal figures. As indicated on the dia- y= 
gram, we thus learn, first, that V2 lies between 1 and 2 . 
next that it lies between 1.4 and 1.5. Now, if we sub- 
divided the line from 1.4 to 1.5 into ten equal divisions, 
V2 would lie between 1.41 and 1.42; and if we sub- 
divided the line from 1.41 to 1.42 into ten equal di- 
visions, ■\/2 would lie between 1.414 and 1.415 ; and if 
we subdivided the line from 1.414 to 1.415 into ten 
equal parts, it would lie between 1.4142 and 1.4143 ; 
and so on indefinitely. Thus, no matter into how 
many equal decimal divisions the line from 1.4 to 1.5 
is divided, •\/2 will always lie between two such di- -j- o 
visions. It can be shown that the same thing would 
hold true if the line were divided into any other equal 
divisions than tenths. The distance from to a point 
on any one of the divisions described would be denoted by a 
rational quantity. Thus, an irrational number always locates 
a point different from one located by any rational number. 
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190. The Duplicate Notation for Radicals. As we have seen, 
both radical signs and fractional exponents are used to denote 
roots. 

For example : 

The reason for the existence and use of both notations is 
easily explained. The radical sign -^ came into use a century 
before Kewton and Wallis found out that fractional exponents 
were naturally adapted to denote roots. The use of the radical 
sign in the meantime had become too firmly intrenched to admit 
of its displacement. The radical sign notation, it may be re- 
marked, is often shorter than the other. Thus, (a-\- b)i is more 
troublesome to write than Va + t, because both numerator and 
denominator of the fractional exponent are not written in the 
Tadical sign notation. 

The use of this double notation, however, is oftentimes quite 
ion fusing to the student, and it makes the subject much more 
difficult than it would otherwise be. 

191. Simplification of Radical Quantities. There are four kinds 
)f reductions in radicals which we now proceed to investigate. 

A radical is not in its simplest form: 

1. If some required root of it can be extracted. 

Thus, (36 aj2)i = 6 a? ; 16^ = 2 ; (27 m^n^ i = (3 mn^)k 

a. By § 13 we see that taking the square root of the cube root gives the 
izth root ; the square root of the square root gives the 4th root ; the square 
oot of the fourth root gives the 8th root, etc. Thus, 

(16 64)i = [(16 6*)i]i = (2 6) i ; (mV)^ = [(m^nS)*]* = (wW^)i 

-L 1 
Type form : (a"*)"*" = a\ 

2. If any factor of the radicand can have the desired root taken 
^fit. 

(18)i = (9 X 2)* = 3(2)i. (§ 182, 1.) 
5(16 a^)i = 5(8 a^ X 2 ar^)4 = 10 a;(2 a^)i 

COL. 2d c. — 11 
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If the required root of any factor of the radicand can be taken, 
that factor may be removed from the radicand^ and its root used as 
a factor of the coefficient of the radical, 

b. In searching for square factors, test first for 4, then for 9, then for 25, etc. 

Thus, (252)1 = (4 X 9 X 7)1 = 6(7)* ; 450* = (9 x 25 x 2)* = 15(2)i 

Testing for cube factors, look first for 8, then for 27, etc. 

1 1 

Type form : (a*6)'» = a(6)*. 

3. If the radicand is fractional. . 

To simplify, we multiply both terms of the radicand by a 
factor such that we can extract the desired root of the resulting 
denominator. 

(D* = (I X 4)i (§ 98) = (^ X 16)1 = |(i6)i. (§ 182, 1.) 



X 

Type form : f^X = i (ab^-y. 



To simplify a quantity whose radicand is fractional, multiply ho&i 
terms of the radicand by such a quantity as will make the denomina 
tor a perfect power of which the required root can be taken. Extract 
this root and write the result as a factor of the denominator of th4 
coefficient. If possible, simplify the numerator as in 2 above. 

4. If there is an irrational quantity in its denominator. 
Simplifying such a quantity is called " rationalizing its denom 
inator." 

Thus, 1- = ^ X ^ = ^. (Since 6* x 6* = 6*+* = 6.) 

6i 6i 6i 6 

5L = £L X ^* = ^. (Since bi x 6i = fti+t = 6.) 

6* b^ b^ b 

2+3i 2 + 3i 2-3i 4-3 ^ J \^ / 
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4 
Verify this last result by calculating and the answer 

1(2 — 3i) each to three decimal places. Notice by this simpli- 
ication a long division is saved. 

To rationalize a quantity with a monomial denominalor, multiply 
}oth terms by a mxmomial which will make the denominator rational. 

To rationalize a quantity with a binomial denominator, multiply 
)oth terms by the ^'conjugate surd^^ to the denominator', that is, the 
ienominator with the sign between its terms changed. 

Notice that multiplying by the conjugate surd always makes 
lie radical signs disappear. Why ? 

192. Exercise in Simplifying Radical Quantities. All problems 
l^iven in the radical sign notation should be immediately changed 
nto the fractional exponent notation, then solved, and last of all 
changed back. Before changing back into the radical sign notation, 
\eparate quantities with fractional exponents into two fa/Ctors, one 
vith integral exponents, and the other with proper fraction exponents. 

Thus, 5 aibi = 5 a*6 x aUi = 5a^bVab. 

Solve as many as possible of the following mentally : 
1. (25a»6)*. 
4. (x^y*zf)i. 
7. VaV^' 

10. V|. 
13. fVi|- 

16. (^:^\ . 17. ■Va'b' + a'c'. 18. V^H^. 

19. ^/729 a\ 20. ^64 a^V. 21. V(a^--l)(lH-a). 



2. 


{27a'b^(f)K 


3. 


(108a»6)i 


5. 


(lOOO)i 


6. 


(IH)*- 


8. 


7 V396 X. 


9. 


5V726. 


11. 




12. 


V96- 


14. 


a f? 


15. 


3 
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22. </|. 23. — ^. 24. ^ 



28. Find the numerical value of V4a*6 when a=3.51, 6=16.81. 

a. Notice the result can be had very much more quickly by first simplifying 
the radical. Check result by calculating radical in original form, noting the 
difference in the labor of calculation. 

29. Calculate Vl?Fm when L = 25.7, -F= 14, m = 4^. 

30. Calculate area of triangle whose sides are 8, 10, and 14 
(§ 89),being given from a table (p. 149) that V6 = 2.449. 

31. Calculate the diagonal of a rectangular box from one lower 
corner to opposite upper corner if dimensions are 3, 4, 5 ft 
and if it is known from a table (p. 149) that V2 = 1.414. 

32. Find u from formula m= Vv* -|- 2/s when v = 3, /= 31f, 
« = 3. 

33. Find one side of a square equal to the sum of two squares 
whose sides are respectively 13 m. and 9 m., using the table of 
square roots. 

34. Calculate V8^ X 6^ x 72, using table of square roots. 

Suggestion. First write : S^ = (28)8 = 2^ ; 6^ z= ^2 x 8)8 = 2« x 3» ; 
72 = 28 X 32. 

35. Calculate -J??^^5aI^, using table. 

193. Insertion of Coefficients under the Root Sign. 

1. 5(3 a)*. 

Soi UTioN. 5(3 a)l = 26i x (3 a)i = (75 a)i. (§ 182, 1). 

2. 9(2 m)i. 3. 3 a;(5 «)*. Ans. (135 ic*)*. 
4. 2y(7f)K 5. 3ar^V5^. 6. |^4. 

7. -^^\~^' 8. 5a;(25aj^-. 9. a- ^2 a^-^\ i 
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194. Addition and Subtraction of Radicals. To add radical quan- 
tities they are first simplified or reduced to similar radicals. 

1. Add 18^ 2(^, 5(64)*, and -i. 

Solution Checkino 

184 = 3(2j)i (§191,2.) Vl8= 4.24+ 

2(i)i = 2^ (§191,8.) 2V:60= 1.41+ 

5(8)i = 10(2)i (§ 191, 1, 2.) 5 V8 = 14.14+ 

4 = 1^2)* (§191,4.) A= 1.06- 

8* * V8 



Sum = 14.75(2)i = 20.86". * 20.85+ 

a. By this radical simplification, which is easily and quickly performed, 
^our root extractions and one long division are changed into one root extract 
ion and one multiplication. 

Change quantities written in the radical sign notation to the 
)ther before solving. Check some of the solutions, assigning 
values to the letters partly to test answers and partly for drill 
II root extraction. Solve as many as possible mentally. 

2. 8(125)i + 2(80)1 3. V48^-6V75^ 

4. 2{\)^-^^Vh' 6. 4Vi28-5Vl62 + 16Vf. 

6. 3V7K^-2 a'byj^. 7. 3Vl89-3^^^875- 7 -J/56. 

^ ^ V^y V2 V8 Vl8 

LO. 2V3-Vi2 + .-</9. 11. </i^2^16^</32. 

L2. VJ+Vf + Vi. 13. 2V| + VB0-Vi5+Vf. 

14. 3V| + V40+V|-;^- 16. ^^+^^^^i/^*, 
L6. ■\/2a^^4:ax-\-2a-'-y/2aa^-^4:ax-{-2a, (§31^10) 

.7. From (a - x){a^ - x^^ take a(a - x)f^^±^^ . 

\a — x) 
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18. (54 a^+^ft'^l - (16 a--86«)l + (2 a**+»)* + (2 c»a-)* . 
SuoGBSTioN. (64 a^+^ft*) « = (27 €filjfi x 2 a*) ^ ; etc. 

19. The areas of three lots in the form of squares lying side 
by side along a road are 6, 24, and 5\i sq. rd., respectively. What 
is their total frontage on the road ? Use table of square roots, 
page 149. 

20. The areas of three squares are 32, 8, an4 18 acres respecn 
tively. Find the number of rods of fence needed to inclose all o| 
them. 

21. One square lot has an area of 75 sq. rd. and another an 
area of 12 sq. rd. How much more fence will one need than the 
other ? 

195. Multiplication and Division of Radicals Having a Common 

Index. Use the fractional exponent notation in solving. 

L L 1 

Type form : a"x6**=(a6)". (See § 182, 1). 

1. Multiply 4Vi5 by 3 V35. 

Solution. 4(6x3)* x 3(5x7) * =12(52 x 21)* =60(21)* = 60 v^. j,|,. 
Check. 15.49+ x 17.76+= 274.9+ = 276-. 

2. 2(15)ix3(5)*. 3. 8Vi2x3V^. 

4. 3(8a*)*x(6a«)*. 6. -s/x^xVx^^. 

6. 4VlW-+-2V3a. 7. 70^/9-?- 7 \/i8. 

'• Va-^Vr '' xV^^3V2^- 

10. (6* + 3*)(6i + 5*). 11. (9(2)* - 7)(9(2)* + 7). 

12. (7 + 3V7)(2V7-7). 13. (2V6- Vl2-3V24)x3V2. 

14. (2a + 3Vi)(3a-2VS). 15. (2V8-Vi2-5Vl8)-5-3V2. 

16. fV^XiV^. 17. |V21-s-t^VA. 

18. (m + n-Vw^)(Vm+ V^). 19. (9\/2-6^-3-v/8)-5-3\^. 

20. (4^-3a/2)(2^6 + ^9). 21. (V2-3V3)». 

22. (5V8-h6Vl2-2V20)(7V2-3V3 + 4V5). 
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Rationalize the denominators of the following, evaluating the 
irst two (see § 191, 4) : 



6* + 3* *'■ 15-2V3 



23. 4^. 24. 1^ + 1^^ 



6-3V12 1 

25. — ^= ;=. 26. 



27. 



2V6+Vi2 * Va-hVft Va-V6 

Suggestion. Make a binomial out of 

± . denominator and rationalize (§191, 4). 

-^10 — V2 — V3 Then rationalize the new denominator ia 

a second operation. 



30. If ^ = 27r\/^, and^' = 2 7r\/- showthat«:«' = VT: V?. 

In the following exercises the results are to be reduced to their 
simplest form whenever they can be simplified. See § 191. 

31. Find the surface of a cube whose volume is 60; whose 
relume is v, 

32. Find the volume of a cube whose surface is 20; whose 
mrf ace is s. 

33. Ratio of area of one square to a second is \, Find ratio of 
side of first to side of second. (N. B. Tfie areas of similar figures 
ire proportional to the squares of the corresponding sides.) 

34. One side of an equilateral triangle is 3. Calculate its alti- 
bude, and then find ratio of one half of one side to the altitude. 
Find same ratio when one side is a. Why are ratios the same ? 

35. Find the ratio of a side to the diagonal of a square. Let 
side = a. 

36. One leg of a right triangle is one half the hypotenuse R. 
Find the other leg, and then the area. 

37. The ratio of one leg of a right triangle to another is 2. 
Find the ratio of each leg to the hypotenuse. 
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38. The ratio of one leg of a right triangle to the hypotenuse 
is ^. Find the ratio of the given leg to the other. 

39. Find the area of an equilateral triangle one side of which 
is 6. 

40. Find a side and the area of a square whose diagonal is d. 

41. If a regular decagon is inscribed in a circle whose radius is 

B, one side of the decagon is ^ ~ ^ . Find the ratio of the 
radius to one side. 

42. One leg of an isosceles triangle is 6, and the base is V5. 
Find the altitude and area. 

43. If an equilateral A is inscribed in a circle whose radius is 
R, the perpendicular distance from the center to one side is ^ B. 
Find ratio of a side of the triangle to the radius. 

196. Multiplication and Division of Radicals which do not have 
a Common Index. To perform the multiplication, such quantities 
must be reduced to a common index. Change quantities written 
in radical sign notation to fractional exponent notation. 

1. Multiply IsHy 6*. 
Solution. 

isl X ei =(2 X 32)i X (2 X 3) J =(22 x 3*)i(28 x 38)i (§ 182, 2, 8.) 
= (22 X 3* X 28 X 38)i = (26 X 37)t. (§ 182, l.) 
= (3«x26x3)t = 3(26x3)i=3(06)i. Ans. (§191,2.) 

2. ^ X V2. 3. 18* X ei 4. ^/64 -- 2. 
5,</2x</3. 6. ^i0x\/2. 7. V^^'V^. 

8. -J/e X <^-i- V8. 9. a^/^ X bVy. lo. 16^ x 2* x 32*. 

11. 2^6 -6V2. 12. \'f X^-^^. 13. ^x^x^ 

14. (2V3-^)(2~V6). 15. (V2-^)» ' 

16. Arrange in order of magnitude V|, ^, ^. 
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197. Powers and Roots of Radicals. Change quantities to frac- 
tional exponent notation. 

1. [3(a6)i]l Ans. 27 ab(ab)i. 

2. (9*)*. 3. (3.3*)^. 4. (^/^^ 

5. (2Vi)^ 6. VV^. 7. ^V32 X 10*. 

8. (-v^». 9. (V^)"'+^ 10. (V3-V2)*. 

11. Simplify (-^J + 3(^yi. 

12. Simplify 2(^-^ J - 7(1^) + 4. 

1 3. Verify that a? = 3 + V2 is a root of equation a^ — 6aj + 7 = 0. 

14. Verify that ^(3 ± 2 V6) are roots of 4 aj^ - 12 « = 15. 

16. Verify that "" ^^^ ^^ are roots of 5 2^« -|- 11 y + 5 = 0. 

198. The Square Root of Binomial Surds. 

We have, (V2 ± V3)* = 2 ± 2V6 + 3 = 5 ± 2V6. 

To extract the square root of the last expression by the method 
of § 171, the rational term, 5, must be separated into two parts 
such that the product of their square roots is V6. This can 
usually be done by inspection when the coefficients are small. 

Extract the square root of the following by inspection : 

1. 4+2V3. 

Solution. Vs + 2 V3 + 1 = VS + 1. (§ 171 ; § 184.) 

2. 6-2V5. 3. 9-2V7. 4. 23-8V7. 
6. 10-\/96. 6. 11+V72. 7. 28-5Vi2. 

When the coefficients are large, mathematicians have recourse 
to a formula to solve these problems. Evidently the square root 
of any binomial surd will have the form yfx ± -\/y. It is clear, 

also, that if the square of -y/x -f -s/y gives the sum, a + V6, the 
square of Va — Vy will give the difference, a — V6. 
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8. Let a -\- V^ or a — V6 denote any binomial surd, and 
Va5 + Vy the square root of the first and Va? — Vy the square 
root of the second. 



Then, (1) Va; -f V^/ = ^a + V6. 
(2) V«-Vi/ = Va-V6 



whence, 



and 



a? — 2/ = Va^ — 6 



x-\'y = a 



.\2x= a + ^af— h, 
2 y = a — Va* — 6. 



whence 



Vi=V- 



4- Va^ - 6 



(Mult. Ax., multiplying 

(1) by (2).) 

(By squaring eq. (1) and 
squaring eq. (2), adding, 
and dividing through 
by 2.) 

(Add. Ax.) 

(Sub. Ax.) 

(Div. and Sq. Root Axs.) 



Vy =\ ^^^^'~^ (tHv. and Sq. Root Axs.) 



But 



V a ± V6 = y/x ± Vy. (By hypothesis.) 



2 ■" ^ 2 

9. Extract the square root of 37 — 20V3, using the formula 
just found. 

Solution. 37 - 20 VS = 37 - \/l200. (§ 103.) 

Then, a = 37, 6 = 1200, 



giving 



V37-V12OO --1J 37 4- V:^7^ - 1200 ^ 37 - V37'-^ - 1200 ^ 

2 ^ 



=#F-V 



'37 - 13 



2 ^ 2 ' 

= 5-vl2 = 5-2V3. 

Proof. (5 - 2V3)2 =26 - 20V3 + 4 x 3 = 37 - 20V8. 

10. 17+V288. 11. 56 + 24V5. 12. 87-12V42. 

13. 47-4V99. 14. 56 + 32 V3. 16. 1 + |V2. 

16. aj-2V»~l. 17. 4J-JV3. 18. aj + a^-2ajVy. 
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m. IMA6INARI£S 

199. Imaginary Qoantities. We have seen that such an expres- 
sion as V— 4 equals neither + 2 nor — 2, since the square of 
each of these is +4. The same thing is true of the square root 
of any negative number. Because such roots are neither positive 
nor negative ordinary numbers, they have been called imaginaries, 
though this term is somewhat misleading. 

A pure imaginary is an even root of a negative number, as 
V— 9, (— 6)i. The sum of a real quantity and a pure imaginary, 
as 2 + 5 V— 1, is called a complex number. 

The unit for ordinary positive numbers is 4- 1 ; that for nega- 
tive numbers is — 1 ; and that for pure iraaginaries is V— 1, or 
(— l)i. The V— 1 unit is often, denoted by the letter u 

1. By the definitions of root and power (§§ 12, 13), we have: 

(V— 1)^ = — 1, (Since V— 1 means a number which 

or, ([—1]^)^ = —1. multiplied by itself gives — 1.) 

(V^« = (V^)2( V^n[) = -1 V^l, 

( v^=n:)* = ( v^=^)^ ( v^^)^ = - 1 X - 1 = 1. 

Thus, (V=l)^ = -l; (V^« = -V^^; (V^* = + l, 
or, i* = — 1; i8 = — tj i* = -|-l. 

The student is advised to solve some of the following problems 
as they stand, and then with i substituted for V— 1, until he gets 
accustomed to associating the two notations. • 

2. Add4-f3V^^and7 + 5V^. Ana, 11 + 8V^. 



3. (3 + 2V-T)+(4-5V--T). 



4. (-6-11V^=0[)-(5-3aA-1). 

6. V^^+V^=^-2V^=^-3V^=^25; Am. -12V=T. 

6. VZ:9^4.5V-16a*. (§191.) 7. 3V325-V^^8r. 

8. 3(-20)i-(-80)* + 6(-45)i. Ans. 20 (-5)*. 

9. 6(-16)i-[-5-(-36)J]. 10. (-a2 + 2a6-6^i. 
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11. Miiltiply6 + 2V-5by3-4V--5. 

Solution. In all multiplications, divisions, and raising to powers of 
imaginary and complex numbers the safe plan is to replace V— 1 by i. The 
reason is that following the ordinary rule for multiplication may mUleacL 

Thus, (\/^^)2=V31 X V^n"=VTT = -lon?j^. 

For, by definition of power and root (V— 1)2 =— 1. 
To change 2 V— 6 into the ^i notation we write 2 V6 V— 1 = 2 VS i. 
Then, in the answer 18 VS i is changed back to 18 V— 5. 
For the value of i^ see 1 of this article. 

6+ 2V5i 
3- 4V6t- 



18+ 6V5i 

-24V6i-8(\/6)2i2 



18 - 18 V6 1 - 8 X 5 X - 1 = 68 - 18 V^, Am. 

12. (5+V^(7-h4AA::3). 13. (3+V^(2-V^^). 
14. (4+(-5)i)(-6-(-8)i). 15. (6-2V^^)2. 
16. V=r36 X V^=^X 5. 17. 3(-6)ix2(-4)ix(-7)i- 

18. (_3+V^r4)8. 19. 6(-3)i -^2(-5)i 

Ans. f(15)i 
20. 2V^^-*-V^^. 21. 2(~32)*-^2(-2)i 

22. t±^^. (See §191, 4.) 23. ^-^z! > 

24. Form the product of x-\-aj x—a, a;+aV— 1, and a;— aV— 1. 

25. Form the product of y — 3, y — 7, y + 2 + V— 7, and y + 2 



26. Verify that both a; = — 4+V — 2 and aj = — 4 — V— 2 sat- 
isfy the equation a^ + 8 a? + 18 = 0. 

27. Verif y that a; = 6 a ± 2 a V^^ satisf y a* - 12 oa? + 40 a* =r 0. 

200. Theorems concerning Equations containing Irrationals anil 
Imaginaries. 

1. One irrational quantity cannot equal the sum of a rational 
quantity and another irrational quantity. 
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Let Vm and Vn denote two different irrationals, m, n, and a 
being rational quantities, and suppose Vm = a + Vw. 

Then, m = a^-{-2a Vn + w, (Squaring Axiom . ) 

whence — 2 a Vn = a^ + n — m, (Sub. Ax.) 

3r V w = • (Div. Ax. ) 

Thus, the irrational Vn equals the rational quantity , 

2 a 

svhich is contrary to § 189. Hence an irrational quantity cannot 
5qual the sum of a rational quantity and another irrational 
quantity. 

2. In any equation containing rationals and irrationals^ the 
"otional part on one side equals the rational part on the other^ and 
he ijrational part on one side equals the irrational part on the 
tther. 

Given a + VS= c + V5, in which V6 and -Vd are irrationals. 

To PROVE a = c, and Vb = -Vd. 

Proof, V6 = c — a-{' Vd. (Sub. Ax.) 

But this equation cannot exist, by 1 above, so long as c — a is 
lifferent from 0. Thus, c — a must equal 0, whence c = ay and 
hen V6 = V5. Q.E.D. 

The above theorems hold true for real and imaginary quantities 
LS well as for rationals and irrationals. 

201. Geometrical Interpretation of Imaginaries or Orthotomic 
^'umbers. Aigand's Diagram. If the word imaginary is used to 
lescribe the quantities of the preceding article with the idea that 
to real interpretation of them is possible, it is a misnomer. 

It was shown in § 40 that — 1 is a multiplier or operator which 
everses the direction of the multiplicand. Now V — 1 X V — 1 
= — 1. Thus V — 1 used as a factor twice accomplishes as much 
LS — 1 used once. Accordingly it appears that V — 1 can be 
•egarded as a multiplier which turns a multiplicand number 
hrough an angle of 90°. Arbitrarily choosing as the positive 
lirection for angles that opposite to the motion of the hands of 



